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Abstract
Dark matter can capture in neutron stars from scattering off ultra-relativistic electrons. We
present a method to calculate the capture rate on degenerate targets with ultra-relativistic
momenta in a compact astronomical object. Our treatment accounts for the target momen-
tum and the Fermi degeneracy of the system. We derive scaling relations for scattering with
relativistic targets and confirm consistency with the non-relativistic limit and Lorentz in-
variance. The potential observation of kinetic heating of neutron stars has a larger discovery
reach for dark matter–lepton interactions than conventional terrestrial direct detection exper-
iments. We map this reach onto a set of bosonic and fermionic effective contact interactions
between dark matter and leptons as well as nucleons. This completes the study of spin-0
and spin-1/2 dark matter kinetic heating of neutron stars through contact operators with
Standard Model fermions up to dimension-6. Our method is generalizable to dark matter
scattering in any degenerate medium where the Pauli exclusion principle leads to relativistic
targets with a constrained phase space for scattering.
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1 Introduction
Astronomical data unambiguously establishes the existence of dark matter. Interactions between
dark matter and visible matter are predicted by many models to set the cosmological abundance of
dark matter. This motivates experimental search strategies such as direct detection, which looks
for the recoils of ordinary matter particles scattered by dark matter. To date, however, terrestrial
experiments have only set limits on on the strength of dark matter–visible matter interactions.
An innovative extension of this program is the proposal that neutron stars can be used as direct
detection experiments in space. Dark matter falls into a neutron star’s steep gravitational potential
at semi-relativistic speeds and scatters with visible matter. The recoil energy of stellar constituents
heats the neutron star. A sufficiently old neutron star is expected to be cold enough that this
kinetic heating is an observable signature of dark matter scattering on ordinary matter [1, 2]. If
radio telescopes such as fast [3], ska [4], and chime [5] detect the radio pulses of a O(109 year)-
old pulsar, then upcoming infrared telescopes like the jwst [6], tmt [7], and elt [8] would be
able to detect kinetic heating with O(104 sec) integration time. The discovery reach of such an
observation is favorable compared to terrestrial direct detection experiments [1, 2].
Recent efforts in this program focus on dark matter that interacts primarily with leptons [9].
Early work on this subject assumes scattering with non-relativistic targets that are at rest in the
neutron star frame [10, 11]. However, this treatment fails for the electron targets. The matter in
a neutron star is degenerate. The Pauli exclusion principle forces the neutron star constituents
to have non-zero momenta and restricts the phase space for scattering by blocking degenerate
final states. Neutrons, protons and muons in a neutron star have a Fermi energy well below their
mass and thus remain non-relativistic. Electrons in a neutron star, on the other hand, are ultra-
relativistic. In a companion paper, we showed that this can change capture kinematics significantly,
causing the non-relativistic approximation to underestimate the capture rate in some parametric
regions by five orders of magnitude [9].
The present paper extends that analysis to a complete set of contact operators up to dimension-
6 between spin-0 or spin-1/2 dark matter and nucleonic or leptonic targets. We give a physical
interpretation for the features of relativistic capture that cause the non-relativistic approximation
to grossly underestimate the capture rate in some regions. We derive how the phase space for this
process scales as a function of the target Fermi momentum, target mass, and dark matter mass.
Our results are consistent with both the non-relativistic limit and Lorentz invariance. This study
opens a new frontier for the capture of dark matter on neutron stars, a subject that began thirty
years ago in studies of black hole formation [12,13]. It is part of a larger multi-messenger frontier
to study the potential to understand dark matter from its capture in compact stars [1, 2, 14–41].
The organizational structure of this paper is manifest in the table of contents. Sections 2
and 3 are a self-contained introduction to standard formalism of kinetic heating. Sections 4 and
5 introduce our revised formalism for ultra-relativistic targets and summarizes the qualitative
physical properties. The discovery reach with respect to contact operators is presented in the
figures of Section 6. We list and estimate sources of uncertainty in Section 7. The appendices
include detailed derivations of key results. Some of these are known results that may not be
obvious and others are technical calculations that confirm the qualitative discussions in the paper.
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Component YT 〈nT〉 [cm−3] pF [MeV] EF [MeV]
e− 0.06 1.27× 1037 146 146
µ− 0.02 4.23× 1036 50 118
p+ 0.07 1.48× 1037 160 951
n 0.93 1.97× 1038 373 1011
Table 1: Components of a neutron star of mass M? = 1.5 M as computed in Ref. [11] with the Brussels–
Montreal unified equation of state BSk24 [42]. For each component, we list the abundance YT normalized
to the nucleon abundance, average number density 〈nT〉, Fermi three-momentum pF, and Fermi energy
EF.
2 Neutron Star Model and Conventions
We model the neutron star with the Brussels–Montreal unified equation of state BSk-24 [42].
This assumes that neutrons, protons, electrons, and muons are the sole stellar constituents. We
use the following benchmark values for the neutron star mass, radius, and ambient dark matter
density [43]:
M? = 1.5 M R? = 12.6 km ρχ = 0.4 GeV/cm3 . (2.1)
We assume that the neutron star is effectively at rest relative to the dark matter halo. One may
obtain a volume-averaged target number per nucleon, YT, and a volume-averaged target Fermi
momentum, pF, as computed in [11] using the BSk24 unified equation of state [42]. We relate the
abundance to an average number density,
〈nT〉 = YTM?
mn
(
4
3
piR3?
)−1
. (2.2)
The target particles in the neutron star are degenerate: their chemical potentials, µT ∼ O(100 MeV),
are all much greater than the neutron star temperature, T? ∼ O(eV). We thus assume that the
energy levels for each target are filled to its Fermi energy, EF. These properties are summarized
in Table 1.
The relativistic treatment of capture requires relating kinematic quantities that are naturally
defined in different frames. In order to simplify notation, we assume that quantities are defined in
the neutron star frame unless otherwise identified with a subscript, e.g. (dσ)CM is a cross section
in the center of momentum frame. We explain additional conventions in Appendix A; these are
mostly for the technical work in the appendices.
3 Review of Dark Kinetic Heating
We summarize the relevant background material for the kinetic heating of neutron stars from dark
matter capture [1].
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Figure 1: Graphical definition of the kinematic quantities in this paper. The dark matter velocity asymp-
totically far from the star, vhalo, and at the point of impact, vesc, are defined in the neutron star frame.
Frame-dependent with no subscripts are assumed to be in the neutron star frame, whereas center-of-
momentum frame quantities are labeled with a subscript cm.
3.1 Acceleration of Dark Matter
A dark matter particle χ in the halo is gravitationally accelerated toward a neutron star. At the
star’s surface, χ has an effectively radially inward trajectory with total energy, boost, and velocity
γescmχ = mχ +
2GM?mχ
R?
γesc = 1.24 vesc = 0.6 , (3.1)
where mχ is the dark matter mass. In this estimate we ignore the dark matter’s velocity in the
halo, which is a negligible contribution its energy at the star’s surface. We use the fact that the
escape velocity in a Schwarzschild background is identical to the Newtonian escape velocity; this
accounts for the factor of two in the gravitational potential term of γescmχ [44, ex. 9.1]. We depict
these velocities and our conventions for the initial scattering state in Figure 1.
3.2 Kinetic Heating
The flux of dark matter onto the neutron star depends on the maximum impact parameter for
incident dark matter to intersect the star [12],
bmax =
R?
vhalo
√
2GM?
R?
(
1− 2GM?
R?
)−1/2
= R?
vesc
vhalo
γesc , (3.2)
where vhalo = 8×10−4 is the dark matter velocity in the halo, asymptotically far from the star. The
expression for bmax follows from conservation of energy and angular momentum in a Schwarschild
metric, see Appendix B.1. The total dark matter mass passing through the neutron star per unit
time is then
M˙χ = pib
2
maxvescρχ ≈ 3.1× 1025
GeV
s
≈ 55 g
s
. (3.3)
Over the age of the universe, this accreted dark matter density is negligible compared to the visible
matter species in a neutron star. However, this dark matter deposits a constant flux of kinetic
5
energy onto the neutron star that is converted into heat:
K˙ = (γesc − 1) M˙f ≈ 6.5× 1024 f GeV s−1, (3.4)
where f is the dark matter capture efficiency. The central result of this paper is to calculate f
for dark matter scattering on degenerate, relativistic targets. The energy deposited in the neutron
star is converted into a kinetic heating of the apparent blackbody temperature
Tkin = 1600 f
1/4 K . (3.5)
A O(109 year)-old neutron star is expected to cool to O(100 K) [45, 46]. The measurement of
kinetic heating above the expected neutron star luminosity by an infrared telescope is a smoking
gun signature for dark matter–visible matter interactions.
3.3 Dark Matter Capture
The possibility that dark matter may capture on celestial objects has long been an opportunity
for the indirect detection of dark matter’s annihilation products [47,48], see e.g. [49] for a detailed
treatment. In contrast, our treatment of kinetic heating is an extension of the direct detection
process intrinsic to dark matter capture. In this paper, we focus only on heating from dark
matter that is captured in the neutron star. With this assumption, all of the dark matter’s kinetic
energy is converted into heat. This is simplification is conservative: some dark matter may deposit
energy by scattering but not capture in the star. Further, it is possible that captured dark matter
may subsequently annihilate within the neutron star, converting its mass energy into additional
heating [1, 2, 37]. This effect enhances the proposed kinetic heating signal.
There are two conditions for dark matter to capture in a celestial object like a neutron star:
1. The dark matter–target scattering cross section is large enough for a transiting dark matter
particle to interact with the target particles. This means that over the transit time ∆t across
the star, there are a sufficient number of interactions, dσ vrel〈nT〉∆t.
2. The dark matter particle loses enough energy from scattering that is is unable to escape the
gravitational potential of the capturing object. This means that by the time it exits the star,
the dark matter has lost its asymptotic initial kinetic energy. Effectively this requires that
its radial velocity is less than the star’s escape velocity at some point of its transit.
In the non-relativistic treatment of dark matter capture in neutron stars, the first condition is
diagnosed by comparing the dark matter–target cross section to a threshold (saturation) cross
section. Increasing the cross section beyond this threshold value does not increase probability of
capture. The second condition is determined by the fixed-target kinematics wherein gravitationally
accelerated dark matter hits a stationary target in the neutron star rest frame.
These conditions are more nuanced for relativistic, degenerate targets like electrons in a neutron
star. Because the targets are relativistic, they are not at rest in the neutron star frame where
energy loss is calculated. Instead, the dark matter–target scattering events have an ensemble of
center-of-momentum kinematic configurations against which the differential cross section must be
integrated.
The Pauli exclusion principle introduces an additional conditions on the energy transfer: the
outgoing target particle must scatter into phase space that is not already filled by Fermi-degenerate
states. In other words, chunks of phase space are Pauli blocked ; see Figure 2. Pauli blocking occurs
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Figure 2: The Pauli exclusion principle blocks the available final state phase space for degenerate targets.
We sketch this effect for non-relativistic (left) and relativistic (right) targets in momentum space. Dark
matter is assumed to enter along the positive z-direction with some kinetic energy. The purple regions
represents targets that are allowed to scatter because the final state will be outside the Fermi surface.
Orange regions, on the other hand, are Pauli blocked and are forbidden from scattering.
for non-relativistic targets as well; for example, neutrons in the neutron star are degenerate, but
have a Fermi momentum below their mass. However, relativistic targets have the additional nuance
that the final state kinematics in the center of momentum frame are not sufficient to determine if
the given scattering is Pauli blocked since there is a non-trivial boost to the neutron star frame.
3.4 Non-Relativistic Targets: Threshold Cross Section
For non-relativistic targets, the threshold cross section is simply the geometric cross section of the
neutron star, piR2?, divided by the total number of target particles ≈M?/mT:
σthres =
geometric cross section
number of targets
= piR2?
mT
M?
GeV . mχ . 106 GeV . (3.6)
This expression is valid in a range of dark matter masses between the target Fermi energy and a
maximum mass above which multiple scatters per transit are required for successful capture.
Pauli blocking limits the available phase space for dark matter masses below O(GeV): the
incident low-mass dark matter does not have enough kinetic energy to scatter a target particle
out of its degenerate Fermi surface. In this case only a fraction of the targets near a ‘skin’ of the
Fermi surface are accessible for scattering. This fraction is δp/pF where δp ≈ (γχ − 1)mχvχ is the
maximum kinetic energy of the incident dark matter. Thus for this case
σPaulithres =
1
3
δp
pF
σthres ≈ GeV
mχ
σthres mχ . GeV . (3.7)
Conversely, for very heavy dark matter, the amount of energy transferred ∆E saturates to a
fixed value independent of its mass; see Appendix B.2. On the other hand, the dark matter’s
asymptotic kinetic energy, 1
2
mv2halo, scales linearly with its mass. Thus in the heavy dark matter
limit, a single scatter is insufficient to transfer the dark matter’s total kinetic energy to a target.
In this case, one requires multiple scatters to capture dark matter. The scaling yields
σmultithres ≈
mχ
106 GeV
σthres mχ & 106 GeV . (3.8)
In this paper, we examine the ‘phase space’ of dark matter capture on neutron stars from
relativistic targets as a function of the dark matter mass. We demonstrate the principles that lead
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to analogous low mass, intermediate mass, and high-mass scaling regimes. Relativistic targets,
however, require a completely different formalism. For non-relativistic targets one may simply
compare the total dark matter–target cross section to a threshold cross section; this is a notion
that is well defined because the targets are all at rest relative to the neutron star. This assumption
breaks down for the case of relativistic targets.
4 Formalism for Relativistic Targets
We systematically develop the relativistic formula for dark matter capture on a compact object
with degenerate targets. Our expression is general and matches non-relativistic results in that limit.
All quantities are assumed to be in the neutron star frame unless explicitly otherwise indicated by
a subscript.
4.1 Breakdown of the Non-Relativistic Treatment
The concept of a threshold cross section in Section 3.4 breaks down when the neutron star targets
are relativistic. For example, the electron Fermi energy in a neutron star is much greater than
its mass. The target particles are thus typically traveling near the speed of light. The amount of
energy transferred from the dark matter particle to the target depends on this initial state kinetic
energy. Thus the capture rate depends on the relative orientation of the target and dark matter
three-momenta.
Further, it is not possible to define a total cross section σ that one may compare to any
meaningful threshold, as is standard for non-relativistic targets, c.f. Section 3.4. Instead, one
must calculate the differential cross section dσ with respect to the ‘initial state phase space’ of
targets. What more, the center-of-momentum scattering cross section must be boosted into the
neutron star frame. This boost is not collinear with the collision axis so that the cross section is
non-trivially length-contracted. This can be a significant effect given the potential magnitude of
the boost between these frames.
One of the limitations of the non-relativistic approximation is seen in the expression for the
number of captured dark matter particles, which depends on a ratio of cross sections. This is not
Lorentz invariant as required. Our main result in this section is a careful derivation of a fully
relativistic capture efficiency. In Ref. [9] we showed that the fully relativistic capture efficiency is
many orders of magnitude larger than the non-relativistic approximation.
4.2 Capture Probability
Given some infinitesimal piece of the initial state and final state phase space, the differential
capture efficiency for an incident dark matter particle, df , is the total number scatters dν with
the neutron star targets divided by the total number of incident dark matter particles dNχ subject
to the kinematic conditions that the scatter leads to capture:
df =
dν
dNχ
∣∣∣∣
capture
. (4.1)
This capture efficiency replaces the threshold cross section in Section 3.4. The integrated capture
efficiency is an expected number of scatters satisfying the capture conditions. When this number
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is less than one, it can be interpreted as a capture probability per dark matter particle. Each of the
quantities df , dν, and dNχ are Lorentz invariant.
The number of scatters dν of dark matter with density dnχ on targets with density dnT and
relative velocity vrel is
dν = dσ vrel dnT dnχ ∆V ∆t . (4.2)
Here ∆t ≈ 2 R? is the approximate transit time of a dark matter particle through the star. The
neutron star volume is ∆V and relates the dark matter number density to the total number of
dark matter particles available to scatter in the star, dNχ = dnχ∆V . We thus write the differential
capture efficiency (4.1) as
df = dσ vrel dnT ∆t |capture . (4.3)
The capture conditions are restrictions on phase space based on the energy transfer, ∆E. We
explicitly define these conditions in Section 4.4.
4.3 Connecting Factors in Different Frames
While df in (4.3) is Lorentz invariant and can be computed in any frame, its covariant factors are
most naturally defined in different frames. Specifically, capture conditions and the target number
density are most simply stated in the neutron star frame where the Fermi surface is spherical and
the densities are uniform. In contrast, the cross section dσ is typically calculated in the center of
momentum frame. The large boost between these frames are the origin of the dramatic results
of our fully relativistic treatment of dark matter capture on relativistic targets compared to a
non-relativistic approximation.
We calculate the right-hand side of (4.3) in the neutron star frame. The quantity dσ vrel in this
frame is readily expressed with respect to the differential cross section in the center of momentum
frame. The Mo¨ller velocity, vMøl, relates the cross section in any frame dσ to the cross section in
the center of momentum frame, dσCM:
dσ vrel = dσCM vMøl vMøl =
√
(p · k)2 −m2Tm2χ
EpEk
. (4.4)
This result is well known from the calculation of dark matter annihilation [50]; for completeness
we derive it in Appendix B.3. Thus we write df in the neutron star frame with respect to the
center-of-momentum cross section dσCM,
df = dσCM vMøl dnT ∆t |capture . (4.5)
To integrate df , one requires explicit factors enforcing the energy transfer conditions for capture.
4.4 Energy Transfer Conditions
The explicit factors in (4.5) determine the probability of scattering. The contribution of these
factors are subject to the condition that the scattering dark matter is captured by the neutron
star. The differential capture efficiency, df , should only be non-zero if the energy transferred ∆E
from the dark matter to the target (i) overcomes the Fermi degeneracy (Pauli blocking) of outgoing
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target states and (ii) depletes the dark matter’s asymptotic kinetic energy so that it cannot escape
the star’s gravitational potential. These conditions are applied as step functions in the capture
efficiency:
Θ(x) =
{
1 if x > 0
0 otherwise
. (4.6)
4.4.1 Degenerate Targets
Because of the Fermi degeneracy of the neutron star, the outgoing target particle must have
momentum greater than the Fermi momentum, pF, or else the Pauli exclusion principle blocks the
interaction. This restricts the phase space to have a minimum energy transfer from the dark matter
to the target, ∆E, in the neutron star frame where the Fermi surface is spherically symmetric:
∆E + Ep − EF > 0 df ∼ Θ (∆E + Ep − EF)|KE , (4.7)
where Ep is the energy of the initial state target particle and EF is the Fermi momentum for
the target species. Figure 2 demonstrates why this treatment is necessary compared to the non-
relativistic limit. The subscript ke is a reminder that one must still impose the second capture
condition on the dark matter’s kinetic energy.
4.4.2 Depleting the Kinetic Energy: Single Scatter Case
The second capture condition is that the dark matter must transfer enough of its kinetic energy in
the scattering event. This is a matter of whether the outgoing dark matter particle has less than
it’s escape velocity at the point of scattering. This amounts to losing the kinetic energy it had
asymptotically far from the star:
∆E −∆Emin > 0 ∆Emin = Ehalo = 1
2
mχv
2
halo . (4.8)
We assume that dark matter–target scattering is elastic. Restricting to the case where dark matter
scatters only once in the neutron star, this tells us that the single-scatter capture efficiency is
df1 =dσCM vMøl dnT ∆t Θ (∆E −∆Emin)|Pauli , (4.9)
where the subscript ‘Pauli’ is a reminder that one must still impose the second capture condition
on the target final state.
4.4.3 Multiple Scattering
The energy transfer condition (4.8) is modified when the transiting dark matter particle can scatters
more than once in the target volume of the neutron star. In that case it is sufficient for dark matter
to lose its asymptotic kinetic energy ∆Emin = Ehalo over multiple interactions over the course of
its entire transit through the star. The generalization of the condition (4.8) for Nhit scatters is
〈∆E〉 − ∆Emin
Nhit
> 0 , (4.10)
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Figure 3: Variables and angles. Left: target momentum space. Center: center of momentum kinematic
variables between the target, T , and dark mater, χ. Right: Center of momentum frame scattered dark
matter direction, kˆ′CM with respect to a coordinate system of the initial dark matter direction, kˆ
′
CM,
the component of the boost between the two frames perpendicular to the initial direction, βˆ⊥, and the
orthogonal direction.
where 〈∆E〉 is the average energy transfer over all of the dark matter scatters. For a dark matter
particle that requires Nhit scatters to capture, each scatter must occur in a fraction of the total
transit time,
∆tNhit =
∆t
Nhit
. (4.11)
We assume that the dark matter takes a straight line path through the star with no significant
deflection.
A full treatment of the capture including multiple scatters is computationally demanding. In
order to impose (4.10) one must keep track of the transiting dark matter particle’s scattering
history. Further, one must take an appropriately weighted sum over possible number of scatters
Nhit. To make the problem tractable, we make a conservative simplification and replace (4.10)
with the stronger condition that each scatter must have at least the minimum average energy to
capture:
∆E − ∆Emin
Nhit
> 0 . (4.12)
One may then sum over the number of hits required to scatter:
df =
∑
Nhit
dσCM vMøl dnT
∆t
Nhit
Θ
(
∆E − ∆Emin
Nhit
)
Θ
(
∆Emin
Nhit − 1 −∆E
)∣∣∣∣
Pauli
. (4.13)
A phase space region that captures after N hits is only counted in the term of the sum where
Nhit = N ; this is imposed by the two step functions. See Appendix C for a detailed discussion.
4.5 Capture Probability Formula
The full expression for the differential capture rate combines the base expression for df (4.3) that
enforces Pauli blocking (4.7) and the sum and over multiple scatters (4.13):
df =
∑
Nhit
dσCM vMøl dnT
∆t
Nhit
Θ
(
∆E − Ehalo
Nhit
)
Θ
(
∆Ehalo
Nhit − 1 −∆E
)
Θ (∆E + Ep − EF) . (4.14)
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It is convenient to explicitly write the center-of-momentum cross section with respect to the kine-
matics in that frame
dσCM =
dσCM
dΩCM
dΩCM dΩCM = dα d(cos ψ), (4.15)
where ψ and α are the polar and azimuthal angles of scattering respectively in the center-of-
momentum frame. The differential volume in the target momentum space with respect to its
Fermi sphere is
dnT = 〈nT〉p
2dpΩF
VF
VF =
4
3
pip3F dΩF = dϕ d(cos θ) , (4.16)
where 〈nT〉 is the average target density in (2.2) and we write p = |p| to be the magnitude of the
target three-momentum. This is integrated up to pF, the Fermi three-momentum. The dϕ integral
is trivial. The final expression is
f =
∑
Nhit
〈nT〉∆t
Nhit
∫
dΩF
∫ pF
0
p2dp
VF
∫
dΩCM
dσCM
dΩCM
vMøl Θ
3(∆E) , (4.17)
where we use the shorthand notation Θ3(∆E) to indicate the step functions from Pauli blocking
and multiple scatters,
Θ3(∆E) ≡ Θ
(
∆E − Ehalo
Nhit
)
Θ
(
∆Ehalo
Nhit − 1 −∆E
)
Θ (∆E + Ep − EF) . (4.18)
The capture efficiency, f , is defined to be the weighted number of scatters for a dark matter
particle that captures. When this number is greater than one, we may assume that the dark
matter particle is captured. When the number is less than one, then the probability for a given
dark matter particle to capture is f . In other words, the capture probability of a given dark matter
particle in some initial phase space volume dnχ is Pcapture = min (f, 1).
4.6 Non-Relativistic Target Limit
We confirm our primary result (4.17) by verifying that it reduces to earlier results in the limit
of stationary (non-relativistic) target particles [1, 2, 11]. In this limit, the initial target three-
momentum is zero p = 0, which trivializes the integration over initial target momenta. This
means that the step functions in (4.7) and (4.10) no longer impose kinematic constraints on the
phase space integrals and may be factored out and treated following the discussion of the non-
relativistic case in Section 3.4. This approximation was previously applied to neutron star dark
kinetic heating from leptophilic interactions in Ref. [10,11].
Define dfˆ = dν/dNχ to be the differential capture efficiency without capture conditions im-
posed. To show consistency with the non-relativistic limit, it is sufficient to show that fˆ = σ/σthres,
where the threshold cross section σthres is simply the geometric cross section of a target in the neu-
tron star. In the p → 0 limit, the Møller velocity reduces to the dark matter velocity in the
neutron star frame, vMøl → k/Ek = vesc. The capture efficiency reduces to
fˆ = vesc〈nT〉∆t
∫
p2dp dΩF
VF
∫
dσ . (4.19)
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Observe that
∫
dσ = σ is the total dark matter–target cross section; a quantity which we argued
is not well defined for an ensemble of relativistic, degenerate targets. The d3p integral over initial
momenta is also trivially equal to unity. One may technically write this by imposing a δ(3)(p)
distribution forcing the targets to be stationary, or alternatively by taking pF → 0. Finally we
observe that
fˆ = vesc ∆t〈nT〉σ = σ
σthres
= number of dark matter–target scatters , (4.20)
so that this indeed recovers the standard non-relativistic treatment in Section 3.4.
4.7 Numerical Methodology
The results in this paper are based on numerically integrating (4.17). We use Python 3 on a
personal computer with the NumPy numerical methods module and the Vegas module for Monte
Carlo integration. The estimated run time for evaluating f at a given dark matter mass depends
on the kinematic regimes in Section 5.1. On a single 2.3 GHz core: a point in the light dark matter
regime is evaluated in O(minute). For heavy and very heavy dark matter, it takes O(second) and
O(hour), respectively. Together, it takes a few hours to produce a scan over dark matter masses
from 10 eV to 10 PeV for a given target and interaction operator.
5 Scaling of Scattering
We present the general behavior of dark matter capture on relativistic targets. The kinematics of
dark matter scattering off relativistic targets depends on the dark matter mass relative to the other
mass scales in the system: the target mass, mT, and the Fermi momentum, pF. For relativistic
targets, mT  pF so that the Fermi energy and Fermi momentum are effectively equal, EF ≈ pF.
Figure 4 shows the regimes of qualitatively different kinematics and sketches the discovery reach
with respect to these regimes. This behavior is in contrast to the qualitative behavior of non-
relativistic kinematics reviewed in Section 3.4. This section explains the origin of this general
behavior with respect to the dark matter mass.
5.1 Kinematic Regimes
A new result in this paper is a classification of the kinematic regimes for dark matter capture
in compact objects according to the target and dark matter masses relative to the target Fermi
momentum. We divide the ‘phase space’ of kinematic regimes according to
1. Whether the target is relativistic or non-relativistic.
If the target mass mT is lighter than its Fermi momentum, pF, it is relativistic. Otherwise,
it is non-relativistic. Muons, for which, mT ≈ pF are marginal.
2. Whether the dark matter is heavy or light.
If the dark matter is heavier than both mT and pF, then it is heavy. Otherwise, it is light.
For relativistic targets, light means mχ  pF, whereas for non-relativistic targets this means
mχ  mT. In fact, there are cases for additional subdivision:
• Very heavy dark matter requires multiple scatters to capture. For relativistic targets
the threshold for this is the mχ  pF/v2halo, whereas for non-relativistic targets the
threshold is mχ  mT/v2halo.
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Figure 4: The phase space of scattering kinematics for neutron star kinetic heating. The target mass
relative to its Fermi momentum determines whether it is relativistic or non-relativistic. The dark matter
mass relative to the target mass and Fermi momentum determines whether it is heavy or light. The
subdivisions of relativistic dark matter are described in the main text.
• For relativistic targets, one must also distinguish very light dark matter from light dark
matter:
– Very light dark matter is lighter than m2T/pF. The scattering cross section and
phase space scales differently in this regime, as seen in (5.3) and Appendix F.5.2.
– Light dark matter can be further divided into light-ish dark matter (heavier than
mT but lighter than pF) and medium light dark matter (heavier than m
2
T/pF but
lighter than mT). These follow the same kinematics, but their squared amplitudes
scale differently. These distinctions are explored further in Appendix G and not
discussed further in the main text.
These phases are sketched in Figure 4.
The distinction between light versus heavy dark matter is manifest in the scattering kinemat-
ics. In particular, capture on relativistic targets with light dark matter prefers relatively modest
momentum transfer. This is because there is a region of scattering kinematics where an energetic
target transfers energy to the dark matter rather than vice versa. In this case, the center of
momentum frame scattering angle is rather small and corresponds to a very forward scattering.
Note that these forward scatters map onto O(1) scattering angles in the neutron star frame. This
behavior is lost in the non-relativistic treatment of relativistic targets.
5.2 Cross Section Scaling
Contact operators parameterize the strength of short-distance interactions between pairs of dark
matter particles and pairs of visible matter particles by a cutoff scale, Λ. Larger values of Λ
correspond to smaller scattering amplitudes. Most of the contact operators, that we consider in
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Figure 5: Sketch of the reach of kinetic heating observations for dark matter scattering on relativistic
(blue) or non-relativistic (red) targets through contact operators with a characteristic cutoff scale Λ. The
scaling with the dark matter mass, mχ, corresponds to the phases in Figure 4.
the next section, produce squared amplitudes that scale as
|M|2 ∝ m
2
χE
2
p
Λ4
(
dσ
dΩ
)
CM
∝ |M|
2
s
≈ m
2
χE
2
p
sΛ4
≈ m
2
χm
2
T
sΛ4
(
1 +
p2F
m2T
)
. (5.1)
We use this scaling relation establish the baseline behavior of the capture efficiency in different
dark matter mass regimes. Appendix G motivates this behavior and classifies the exceptional
cases. In the non-relativistic target limit, p2F/m
2
T  1 and s = (mχ + mT)2, the above expression
reduces to a standard expression familiar from dark matter direct detection:(
dσ
dΩ
)
CM
∝ m
2
χm
2
T
(mχ +mT)2Λ4
. (5.2)
The squared center of momentum energy, s = E2CM, depends on the ratios of the dimensionful
quantities in this expression:
s = m2χ +m
2
T + 2γescmχEp
(
1− pvesc
Ep
cos θ
)
s ≈

m2T mχ  m2T/EF
mχEp m
2
T/EF  mχ  EF
m2χ EF  mχ
. (5.3)
5.3 Characteristic Features
Figures 5 and 6 depict the scaling of the capture efficiency f with the dark matter mass mχ and
the origin of the scaling in each phase space regime. These features are realized in the numerical
results in Section 6. To understand this behavior, we identify which factors in the capture efficiency,
(4.17), scale with mχ:
f ∼ 1
Nhit
∫ 1
cosψmax
d cosψ
∫ pF
pmin
p2dp
p3F
|M|2
s
. (5.4)
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Figure 6: Chart showing the origin of the mχ scaling for each of the regions in Figure 4. The ‘plateau’
behavior in Figure 5 is demonstrated for both relativistic (blue) and non-relativistic (red) targets.
The scaling factors come from (i) a factor accounting for multiple scattering, N−1hit , and (ii) the
phase space integrals d cosψ p2dp, and (iii) the differential cross section dσ/dΩCM.
The Møller velocity, (4.4), reduces to vesc in the non-relativistic target limit and to (1− vesc cos θ)
in the relativistic target limit. In either case it does not contribute to the mχ scaling of f . The
phase space factors in (5.4) neglect the target initial angle θ and the azimuthal scattering angle
α. We show in Appendix F that these play a role in understanding the total phase space scaling
with mχ, but their phase space volumes do not themselves scale with mχ. The Pauli blocking step
functions in (4.17) are converted into limits for the phase space integrations. The expression for
the cross section depends on the details of the interaction between dark matter and the target.
In the present study, we use the scaling behavior in (5.1) which describes most of the contact
operators.
In this analysis and the extended phase space analysis in Appendix F, we make the simplifying
assumption that all of the mχ-dependent factors are independent of one another. Thus we treat
each phase space integral as having a trivial integrand so that they are purely unweighted volume
integrals. In actuality, |M|2 depends on both the center of momentum polar angle ψ and target
three-momentum p, but our analysis is sufficient to understand the scaling of the capture efficiency
with mχ. In summary, for each regime the scaling of the capture efficiency f with the dark matter
mass mχ is determined by following three questions corresponding to the factors in (5.4):
1. How does the differential cross section scale with mχ?
2. Is the phase space suppressed with mχ?
3. Does capture require multiple scatters?
Heavy Dark Matter Regimes
The heavy dark matter regimes are characterized by large momentum transfer so that Pauli block-
ing is negligible.
Heavy, but not very heavy, dark matter. This corresponds to pF  mχ  pF/v2halo for
relativistic targets and mT  mχ  mT/v2halo for non-relativistic targets. In this limit, the cross
section is independent of mχ, the phase space is unsuppressed, and dark matter captures after a
single scatter. Thus, f is independent of mχ.
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Heavy dark matter transfers enough kinetic energy to capture in a neutron star. This is true
even for relativistic targets: where the transferred energy to the targets is enough to overwhelm
Pauli blocking. The full expression for the energy transferred from the dark matter to the target,
∆E, is presented in Appendix E. Because the gravitational acceleration from the neutron star is
proportional to the dark matter mass, heavier dark matter has a larger three momentum upon
scattering, k. With the heavy dark matter scaling s ∼ m2χ in (5.3), the cross section dσ/dΩ in
(5.2) is independent of mχ. Thus in this regime the capture efficiency is independent of the dark
matter mass, as shown by the plateau feature in Figure 4.
Observe that the (pF/mT)
2 term in the fully relativistic cross section (5.1) is not present in the
non-relativistic limit. While this is negligible for non-relativistic targets, this factor is on the order
of 105 for ultrarelativistic targets like electrons. Thus this is a gross underestimation when using
the non-relativistic formulation for relativistic targets.
Very heavy dark matter. This corresponds to mχ  pF/v2halo for relativistic targets and
mχ  mT/v2halo for non-relativistic targets. This behaves like heavy dark matter, except multiple
scatters are required to capture. We find that f scales like m−1χ .
The heavy dark matter behavior above breaks down for dark matter masses in the very heavy
regime. In this case the energy transfer ∆E as a function of dark matter mass saturates. However,
the required kinetic energy loss scales linearly with the dark matter mass. In Appendix F.7 we
confirm that the maximum energy transfer from a single scatter in the heavy dark matter regime
is approximately the target energy, ∆Emax ≈ Ep, which is independent of the dark matter mass.
The very heavy dark matter threshold is when this maximum energy transfer is smaller than the
minimum required energy transfer for capture ∆Emin = mχv
2
halo/2, (4.8). Since v
2
halo ∼ 10−6, the
threshold mass above which multiple scatters is required is
very heavy: mχ 

pF
v2halo
≈ 106pF relativistic
mT
v2halo
≈ 106mT non-relativistic
. (5.5)
The number of scatters required to transfer a total energy of ∆Emin thus scales like the dark matter
mass, Nhit ∼ mχ. Section 4.4.3 shows that the capture efficiency, f , goes like N−1hit and hence in
the very heavy regime f ∼ m−1χ . In this regime heavier dark matter is a less effective kinetic heat
source, as shown by the falling feature to the right of Figure 4.
Observe that the onset of the characteristic behavior differs for relativistic versus non-relativistic
targets because the thresholds to the very heavy regime are different, (5.5). The Fermi energy of
electrons is roughly an order of magnitude lower than the mass of nucleons, peF ≈ 10−1mN . Indeed,
the downward slope on the reach plots begins at ∼ 105 GeV for electrons versus ∼ 106 GeV for
neutrons and protons.
Light Dark Matter Regimes
Light dark matter does not always transfer enough energy to excite the target to an unoccupied
momentum state. The Fermi exclusion principle prevents the scattering from occurring and the
phase space is Pauli blocked. This is depicted on the right-hand side of in Figure 2. Though the
blocked volume is not strictly spherical, it is sufficient to treat it as such to determine the scaling
with mχ.
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The momentum space volume of available targets is approximately the volume enclosed by the
Fermi sphere. However, only a fraction of these targets can scatter to an allowed state outside the
Fermi sphere. The precise shape of these allowed targets, sketched in Figure 2, is not necessary
to track how this volume scales the dark matter mass. The fraction of the targets which are not
blocked scales like∫ pF
pmin
p2dp
1
3
p3F
=
p3F − p3min
p3F
≈ 3(pF − pmin)
pF
≈ 3∆p
pF
∼ 3EF∆Emax
p2F
, (5.6)
where in the last approximation we replace the energy transfer ∆E with its maximum value in
order make the mχ scaling manifest. The full expression for the energy transfer is derived in
Appendix E. The relevant limits of ∆Emax are shown in Appendix F.7. For all of the cases with
light dark matter, including very light dark matter, the key result is that
light dark matter: ∆Emax ∼ mχ . (5.7)
This factor leads to a reduced (blocked) phase space for lighter dark matter in this regime. As
shown in Figure 6, the specific light dark matter scenarios each carry different factors of mχ, but
they all combine to give f ∼ m3χ.
Non-relativistic target, light dark matter. This corresponds to mχ  mT. In this limit,
the cross section scales like m2χ, the phase space is Pauli blocked (factor of mχ), and dark matter
captures after a single scatter. Thus, f scales like m3χ.
In this regime dark matter is light and the Fermi energy is negligible, thus s ≈ m2T and is
independent of mχ. The benchmark cross section (5.2) thus scales like m
2
χ. Combined with the
Pauli blocking factor, this gives f ∼ m3χ.
Relativistic target; light dark matter. This corresponds to m2T/pF  mχ  pF. In this
limit, the cross section scales like mχ, the phase space is both Pauli blocked (factor of mχ) and
has constrained cosψ space (factor of mχ), and dark matter captures after a single scatter. Thus,
f scales like m3χ.
For relativistic targets, the Fermi energy and the target mass combine to introduce a scale that
separates light and very light dark matter. In the light dark matter regime s ∼ mχpF, (5.3). The
benchmark cross section (5.2) thus scales as mχ. In addition to the Pauli blocking factor of mχ,
this regime’s phase space is also suppressed in the cosψ integration. This phenomenon is detailed
in Appendix F.5.2, where we show that∫ 1
cosψmax
d cosψ = 1− cosψmax < v
2
esc sin
2 θ cos2 α
(1− vesc cos θ)2
[
m2T
p2
+
mχ
p
(· · · ) +O
(
m2χ
p2
,
m2Tmχ
p3
)]
, (5.8)
where (· · · ) are terms independent of mχ and mT, see (F.20). In the light-but-not-too-light dark
matter regime, the O(mχ/p) term dominates the bound and the phase space is suppressed pro-
portionally to the dark matter mass. The combination of the scaling factors gives f ∼ m3χ.
Relativistic target; very light dark matter. This corresponds to mχ  m2T/pF. In this
limit, the cross section scales like m2χ, the phase space is Pauli blocked (factor of mχ), and dark
matter captures after a single scatter. Thus, f scales like m3χ.
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This regime follows the behavior of a non-relativistic target, light dark matter scenario. In
both cases the dark matter is lighter than any other scale in the problem. There is no suppression
of the ψ phase space in (5.8) because the upper limit is dominated by the O(m2T/p2) term that is
independent of the dark matter mass.
6 Discovery Reach for Effective Contact Operators
We present the discovery reach for spin-0 and spin-1 dark matter interacting with Standard Model
fermions through an effective contact operator. Our primary focus is the reach for kinetic heating
from ultra-relativistic electrons in a neutron star; we compare this to terrestrial bounds on dark
matter–electron scattering, the non-relativistic approximation for kinetic heating off electrons, and
the analogous reach for muons and nucleons.
6.1 Effective Theory
Effective contact operators are model-independent parameterizations of dark matter–visible matter
interactions in the limit of small momentum transfer compared to the mass scale of the dynamics
that generate interaction. The coupling of these operators are an inverse power of a cutoff scale,
Λ, that is approximately the scale at which the effective description breaks down. In the simplest
ultraviolet completion, the cutoff scale is a combination of heavy mediator masses and couplings.
Table 2 presents our basis of contact operators and the squared amplitudes from each operator.
We write our effective operators in the form OχOξ where each Oχ is a bilinear of fermionic or
scalar dark matter and ξ is a Standard Model fermion with a bilinear Oξ. The effective coupling is
Λ4−N where N is the dimension of the combined operator. Most of the operators are dimension-6
and carry a coupling Λ−2, while OS1,2 are dimension-5 with coupling Λ−1.
One must account for additional factors when comparing the contact operators in Table 2 to
a full theory. The operators with spin-0 or spin-2 Standard Model bilinears—OF1−4, OF9−10, and
OS1−2—connect fermions of different chirality. Gauge invariance requires that the ultraviolet physics
that generates the operator must include an order parameter for electroweak symmetry breaking.
Furthermore, these operators may introduce tightly constrained flavor violating observables at loop
level. As such, one may complete operators with gauge-invariant contact operators consistent with
minimal flavor violation [51]. The simplest choice is to use the Higgs vacuum expectation value as
the order parameter for chiral symmetry breaking and the Standard Model Yukawa couplings as
flavor spurions:
1
ΛN−4
OχOξ ≡ 1
Λ˜N−3
yξIJOχ 〈H〉 · OIJξ , (6.1)
where H · Oξ is a Standard Model gauge singlet and yξIJOIJξ is a flavor singlet. In this way the
kinetic heating discovery reach in Λ may be mapped onto a bound on the corresponding cutoff Λ˜ of
a gauge-invariant, minimal flavor violating contact operator. The completion above is consistent
with what one would expect from a heavy scalar mediator mixing with the Standard Model Higgs.
Methodology. We assume that dark matter–visible matter interactions are dominated by a
single contact operator with a single target species. We numerically integrate (4.17) to determine
the projected reach on the cutoff Λ as a function of the dark matter mass mχ. We plot the discovery
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Name Operator Λ4|M|2 (m2χE2p term dominates when present)
OF1 (χ¯χ)
(
ξ¯ξ
) (
4m2χ − t
)
(4m2T − t)
OF2 (χ¯iγ5χ)
(
ξ¯ξ
)
t (t− 4m2T )
OF3 (χ¯χ)
(
ξ¯iγ5ξ
)
t
(
t− 4m2χ
)
OF4 (χ¯iγ5χ)
(
ξ¯iγ5ξ
)
t2
OF5 (χ¯γµχ)
(
ξ¯γµξ
)
4
(
m2T +m
2
χ
)2 − 8s (m2T +m2χ)+ 4s2 + 4st+ 2t2
OF6 (χ¯γµγ5χ)
(
ξ¯γµξ
)
4
(
m2T −m2χ
)2 − 8s (m2T +m2χ)− 8 tm2χ + 4s2 + 4st+ 2t2
OF7 (χ¯γµχ)
(
ξ¯γµγ
5ξ
)
4
(
m2T −m2χ
)2 − 8s (m2T +m2χ)− 8 tm2T + 4s2 + 4st+ 2t2
OF8 (χ¯γµγ5χ)
(
ξ¯γµγ
5ξ
)
4
(
m4T + 10m
2
Tm
2
χ +m
4
χ
)− 8(s+ t) (m2T +m2χ)+ 4s2 + 4st+ 2t2
OF9 (χ¯σµνχ)
(
ξ¯σµνξ
)
8
[
4
(
m4T + 4m
2
Tm
2
χ +m
4
χ
)− 2(4s+ t) (m2T +m2χ)+ (2s+ t)2]
OF10 (χ¯σµνiγ5χ)
(
ξ¯σµνξ
)
8
[
4
(
m2T +m
2
χ
)2 − 2(4s+ t) (m2T +m2χ)+ (2s+ t)2]
OS1
(
χ†χ
) (
ξ¯ξ
)
Λ Λ2 (4m2T − t)
OS2
(
χ†χ
) (
ξ¯iγ5ξ
)
Λ Λ2 (−t)
OS3
(
χ†i∂µχ
) (
ξ¯γµξ
)
4
[(
m2T +m
2
χ
)2 − 2s (m2T +m2χ)+ s2 + st−m2Tt]
OS4
(
χ†i∂µχ
) (
ξ¯γµγ5ξ
)
4
[(
m2T −m2χ
)2 − 2s (m2T +m2χ)+ s2 + st]
Table 2: Effective contact operators and their squared tree-level scattering amplitudes for pairwise in-
teractions of dark matter, χ, with Standard Model fermionic targets, ξ. Squared amplitudes are written
with respect to the Mandelstam s and t variables and are rescaled by a power of the cutoff Λ4 for brevity.
Operators with superscript F(S) correspond to fermionic (scalar) dark matter.
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reach for a range of dark matter masses,
10 eV (evaporation) < mχ < 10 PeV (no new features) . (6.2)
The lower limit corresponds to the mass at which one must account for the evaporation of dark
matter from the neutron star [33]. The upper limit is the scale beyond which there are no new
features; the capture efficiency scales as f ∼ m−1χ from the requirement of multiple scattering, see
Section 5.1.
Limits of the Effective Contact Operator Description. If the contact operators are gen-
erated by a heavy mediator with O(1) couplings, then one may roughly interpret Λ to be the
mediator mass. The dark matter–target interactions for kinetic heating are then t-channel interac-
tions. In this case, the contact description breaks down when the Mandelstam t-variable dominates
in the mediator propagator, where −t is the square of the transferred four-momentum. For our
purposes, the characteristic scale momentum transfer is determined by the kinematics of kinetic
heating. This, in turn, defines the condition at which the effective theory may be replaced by its
uv completion:
q2 ∼
{
p2F ⇒ breakdown when Λ pF (heavy dark matter)
m2χ ⇒ breakdown when Λ mχ (light dark matter)
. (6.3)
Assuming O(1) couplings, this condition is relevant for the fermionic OF2−4 operators so that one
should use caution when interpreting these plots with respect to the domain of validity. The scaling
of t that leads to (6.3) is presented in Table 4 of Appendix G.
6.2 Results
Figures 7–10 present the results for each of the operators in Table 2. The numerical results follow
the general behavior of relativistic and non-relativistic targets explained in Section 5. We find
that muons are semi-relativistic targets whose capture efficiency is accurately represented in the
non-relativistic approximation. The muon reach typically tracks that of the nucleons. Note that
this reflects the non-relativistic kinematics only; the dynamics generating the nucleon and lepton
couplings are assumed to be completely independent.
To highlight the importance of relativistic effects, we also plot the approximation where electron
targets are treated non-relativistically. For light dark matter, the non-relativistic target approx-
imation greatly overestimates the sensitivity of kinetic heating. This is because it is harder to
transfer momentum to energetic ultra-relativistic targets rather than stationary targets. In the
heavy dark matter regime, the non-relativistic target approximation significantly under-estimates
the kinetic heating reach.
Our results are particularly significant for models of leptophilic dark matter [55–58] for which
the induced nucleon interactions are loop suppressed. Earlier work compared the kinetic heating
reach of tree-level leptophilic interactions to the loop-induced nucleon interactions in the limit of
non-relativistic leptons [11]. The result is that the loop-level coupling to nucleons is a weaker
probe of leptophilic interactions than the tree-level coupling to non-relativistic muons. Our fully
relativistic treatment revises these results and shows that electron scattering can be the dominant
heating channel in these scenarios. In particular, we confirm that muons are accurately described
by the non-relativistic target limit and show that the reach from relativistic electron scattering is
generically stronger or comparable to that of non-relativistic muons.
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Figure 7: Projected kinetic heating discovery reach for fermionic dark matter interacting through the spin-
0 contact operatorsOF1−4 in Table 2 for different targets: electrons (cyan), muons (yellow), nucleons (gray).
The corresponding shaded regions are accessible for the benchmark scenario of a neutron star temperature
T? = 1600 K (f = 1). The dotted blue line shows the approximation of non-relativistic electrons and is
contrasted with the full calculation (solid blue line). Dashed blue lines with the corresponding shaded
region show the reach of electron recoil direct detection searches [52–54]. Note that forOF2−4, the validity of
the effective theory may break down when the ultraviolet theory is a heavy mediator with O(1) couplings,
see (6.3).
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Figure 8: Projected kinetic heating discovery reach for fermionic dark matter interacting through the
spin-1 contact operators OF5−8 in Table 2 for different targets: electrons (cyan), muons (yellow), nucleons
(gray). Other features follow the caption in Figure 7.
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Figure 9: Projected kinetic heating discovery reach for fermionic dark matter interacting through the
spin-2 contact operators OF9,10 in Table 2 for different targets: electrons (cyan), muons (yellow), nucleons
(gray). Other features follow the caption in Figure 7.
The rightmost column of Table 2 shows how the squared amplitude of each contact operator
depends on the masses and kinematics of the scattering. Most of the operators contain a term
proportional to m2χE
2
p ; this term dominates when it is present. Section 5.3 describes the scaling
behavior of the capture efficiency f with respect to mχ assuming this m
2
χE
2
p term as a benchmark.
The exceptional cases are tabulated in Table 5 of Appendix G. For capture efficiencies that scale like
f ∝ mnχ, the corresponding reach scales like Λ ∝ mn/4χ . From the scaling arguments summarized
in Figure 6, the benchmark scenario gives:
Λ ∼

m3/4χ light and very light dark matter
m0χ heavy (intermediate mass) dark matter
m−1/4χ very heavy dark matter
, (6.4)
where the dark matter mass regimes are defined in Figure 4 for relativistic and non-relativistic
targets. Figures 8–10 show that OF5−10 and OS3,4 follow this trend. One may deduce the scaling
for operators with exceptional squared amplitudes following the analogous scaling arguments in
Figures 13 and 14 in Appendix G.
6.3 Comparison to Existing Bounds
Our reach plots also show current and projected direct detection sensitivities to show how kinetic
heating complements and may supersede these traditional searches. We also comment on collider
and black hole bounds that we do not depict on these plots.
Direct Detection. We estimate the reach from direct detection experiments that probe non-
relativistic dark matter scattering from non-degenerate targets [52–54]. We recast these direct
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Figure 10: Projected kinetic heating discovery reach for scalar dark matter interacting through the contact
operators OF1−4 in Table 2 for different targets: electrons (cyan), muons (yellow), nucleons (gray). Other
features follow the caption in Figure 7.
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detection bounds using the non-relativistic limit of the squared amplitudes in Table 2,
s→
(
1
2
mχv
2
halo +mT
)2
−t→
{
α2m2e (electron recoil)
2µ2Tχv
2
halo (nuclear recoil)
, (6.5)
where α is the electromagnetic fine structure constant and t is estimated with the characteristic
transfer momentum averaged over all scattering angles. For electron recoil, we set this characteristic
momentum to the typical atomic ionization energy [59]. We further assume that the electron
recoil form factor is unity and a uniform dark matter velocity vhalo ∼ 10−3. Observe that the OF2,5
operators highlight the powerful complementarity of kinetic heating to direct detection. Scattering
through these operators is suppressed by the transfer momentum in the non-relativistic limit
relevant for direct detection. When dark matter scatters in a neutron star, on the other hand, this
suppression is lifted since the transfer momentum can be large.
Comparison to Collider Bounds. We do not show bounds from collider searches for dark
matter [60,61]. While monojet and monophoton searches are sensitive to dark matter lighter than
O(100 GeV), the contact operator description may break down when the mediator mass is smaller
than the center of momentum energy. Since dark matter capture is a t-channel process, there are
regimes where the effective theory is valid for kinetic heating but not collider searches based on
missing energy.
Black Holes. Certain scenarios of dark matter capture in neutron stars are constrained simply
from the existence of neutron stars [17, 62]. The accumulation of non-annihilating dark matter in
the interior of neutron star may produce a long-lived black hole. This process is subject to ongoing
uncertainties about the stability of neutron star core against collapse [63] and whether the scalar
self-interactions generically prevent black hole formation [26]. Our search is agnostic to whether
or not dark matter annihilates and we do not include black hole bounds on our plots.
Neutrino experiments. For cross sections much greater than electroweak cross sections, a small
flux of dark matter at sub-GeV masses can scatter off cosmic rays, gain large kinetic energies,
and trigger direct detection and neutrino detectors [64, 65]. Estimating the resultant operator-
dependent constraints is beyond our scope and focus, and would constitute an interesting future
study.
6.4 Dependence on Energy Scales
Table 3 shows the baseline scaling of the discovery reach, Λ, with respect to all relevant energy
scales. This matches the mχ scaling in (6.4) and the behavior of the OF5−10 and OS3,4 operators in
Figures 8–10. Appendix H derives the scaling of the discovery reach with respect to all relevant
energy scales with the exceptional cases tabulated in Table 8. The neutron star radius enters
through the calculation of the kinetic heating effect in Section 3.2. It is notable that the target
mass mT, the target Fermi momentum pF, the dark matter mass mχ, the cutoff/coupling scale Λ,
and the neutron star radius R? saturate all relevant scales in the theory. The neutron star mass
M? is related to R? and pF.
The equilibrium densities in the BSk24 model of neutron star core lead to Fermi momenta pF
that are within a O(1) factor of each other for different targets. This explains why the low-mass
behavior of discovery reach plots appear as nearby parallel lines: in addition to the non-relativistic
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mT Non-Relativistic Relativistic
mχ Heavy Light Heavy Light-ish Med. Light Very Light
Baseline p
1/4
F mT p
1/2
F m
3/4
χ p
5/4
F p
1/2
F m
3/4
χ p
1/2
F m
3/4
χ p
1/2
F m
3/4
χ
Table 3: Experimental reach on ΛR
−1/4
? as a function of the target mass, mT, dark matter mass mχ, and
the Fermi momentum pF in the different regimes defined in Figure 4. The baseline case corresponds to
the behavior of the OF5−10 and OS3,4 operators in Table 8. These follow the benchmark |M|2 ∼ mχE2p
relation in (5.1). The full set of scalings including the exceptional operators is presented in Table 8.
and relativistic targets having the same power-law scaling in mχ, the overall prefactor difference
is quite small. This is a consequence of the equilibrium conditions between β-decay and the Urca
processes in the neutron star core. Chemical equilibrium ties together the number densities, n,
of the degenerate species, which in turn sets their Fermi momenta, pF ∼ n1/3. As a result, the
electron Fermi momentum is approximately only a factor of ten smaller than the nucleon mass.
The closeness of these scales accounts for the closeness of the relativistic and non-relativistic target
reach in light and very light dark matter regime that is sketched Figure 5 and appears numerically
in our plots. The OF1,2 and OS1 operators contradict the baseline scaling in the light-ish dark matter
regime: the difference in the mχ-scaling between relativistic and non-relativistic targets leads to a
pronounced suppression in the reach for electron targets relative to the non-relativistic targets in
the light dark matter regimes.
7 Sources of Uncertainties
We conservatively underestimate the heating rate since we do not include the effect of scatters
that transfer energy but do not capture. Our multi-scatter bounds are conservative as well, as
explained in Section 4.4.3. The Pauli degeneracy of relativistic targets prevents the neutron star
from cooling by imparting energy onto the incident dark matter.
Our estimate of the capture rate uses the benchmark high-density unified equation of state BSk-
24. This choice determines the star size and radial profile of the stellar constituents and affects Pauli
blocking. As a result, the uncertainty from the equation of state may affect the capture rate by an
O(1) factor for some targets. This uncertainty is minimal for electron targets because their Fermi
momentum (chemical potential) has a nearly flat radial profile [11]. This is consequence of near flat
radial density profile. The density profiles for nucleons in the core and their corresponding chemical
potentials do not vary by more than an O(1) factor; this is shown in Appendix A of Ref. [33],
which compares the chemical potentials for different unified equations of state. We neglect exotic
phases of matter that may occupy the core of a neutron star; in particular, a color-flavor-locked
phase may have no electrons and suppress dark matter scattering with nucleons [23].
We assume that all dark matter transits are diametric across the star, meaning the transit
time is assumed ∆t = 2R?. This introduces another uncertainty in the capture rate by an O(1)
factor, which gets diminished in the bound on cut-off for effective interactions that goes as the
fourth root of the capture rate. For example, for a constant density sphere, according to special
relativity, the transit time along the diameter is ∼ 3.2R? for a falling object, with initial speed
vhalo far away from the star and relativistic speeds at the surface of star. Even paths through
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shorter chords have ∆t > 2R?. The number of dark matter particles following these paths are
an O(1) fraction of the total flux through the star. The radial density profile in the core for our
benchmark neutron star is almost flat for electrons and varies up to an O(1) factor for nucleons
and muons. This introduces another O(1) factor uncertainty in ∆t. Together these two factors
thus introduce an O(1− 10) factor uncertainty in the capture rate. Thus, the cut-off scale bounds
derived by assuming ∆t = 2R? remain fairly robust to variations in transit time of different dark
matter particles.
We neglect corrections due to the Schwarzschild metric in the stellar interior. Every dot product
in the derivation of the capture rate is expected to carry a corresponding O(0.1) correction. This
correction also appears in the relative velocity and the expressions for |M|2 in Table 2.
8 Conclusions
Neutron star kinetic heating is a novel way to discover dark matter–visible matter interactions.
We present a new framework to calculate the kinetic heating from dark matter incident on Fermi-
degenerate, ultra-relativistic targets in a neutron star, such as electrons. Our formalism accounts
for the boost between the center of momentum frame where scattering kinematics are manifest
and the neutron star frame where heating and Pauli blocking effects are defined.
We classify the kinematics of dark matter capture in a neutron star according to the dark
matter mass and whether or not the target is relativistic. Figure 4 summarizes this classification.
We apply our framework to determine the discovery reach of a kinetic heating observation for
scalar and fermionic dark matter that interacts with visible matter through contact interactions.
This extends the existing literature on kinetic heating to a complete set of effective interactions
with Standard Model fermion up to dimension-6. Figures 7–10 present our numerical results.
In large regions of parameter space, neutron star heating from electron scattering is a powerful
and complementary technique to search for dark matter compared to terrestrial searches. This is
especially true for leptophilic dark matter models where electron scattering is the primary discovery
channel and for operators whose scattering is proportional to the transferred momentum.
The neutron star kinetic heating program is especially exciting given the road map of upcoming
radio (fast [3], ska [4], and chime [5]) and infrared telescopes (jwst [6], tmt [7], elt [8]). The
detection of a single star sufficiently old and sufficiently nearby neutron stars may be sufficient to
either discover dark matter through kinetic heating, or otherwise play an important role in model
discrimination in concert with other experimental programs.
Acknowledgements
We thank Nicole Bell, Joseph Bramante, Sekhar Chivukula, Lexi Costantino, James Dent, and
Peter Denton for useful comments and discussions. p.t. and n.r. thank the Aspen Center
for Physics (nsf grant #1066293) for its hospitality during a period where part of this work
was completed. A part of this work was also completed at Kavli Institute for Theoretical Physics
(a.j., h.b.y.), which is supported in part by the National Science Foundation under Grant No. nsf
phy-1748958. a.j., p.t., and h.b.y. are supported by the doe grant de-sc/0008541. n.r. is
supported by Natural Sciences and Engineering Research Council of Canada (nserc). triumf
receives federal funding via a contribution agreement with the National Research Council Canada.
p.t. thanks his mother for providing unsolicited copy editing for a draft of this paper on Christmas
day.
28
A Convention for Frame-Dependent Quantities
The formalism in this paper involves quantities that are naturally defined in different frames. This
can lead to ambiguous or cluttered notation. This appendix summarizes the conventions we use
for labeling frame-dependent quantities.
Frames are specified by subscripts on individual quantities. When there is ambiguity, the
outermost subscript is the frame. Thus dσCM is the differential cross section in the center of
momentum frame, (dσ vrel dnT dnχ)T is a product calculated in the target frame. Quantities that
are Lorentz invariant do not have frames specified. Most of the calculations in this study are in
the neutron star frame. For simplicity, we drop the neutron star frame subscript when there is no
ambiguity. Thus quantities that are Lorentz covariant and carry no specified frame are understood
to be calculated in the neutron star frame.
Four-momenta and three-momenta: pµ = (Ep,p) and k
µ = (Ek,k) represent the four momenta
of the target and the dark matter, respectively. Without additional labeling, they are assumed to
be in the neutron star frame. Contractions are written with dots: p · k = pµkµ = p0k0 − p · k.
An italicized four-momentum with no indices is understood to be the magnitude of the three-
vector: p = |p| and k = |k|. This introduces no ambiguity with the norm of the four-vector
since, for example pµpµ = m
2
T; in other words: we never write p
2 to mean the Minkowski norm of
a four-momentum. This slightly unconventional choice simplifies the visual interpretation of the
expressions in these appendices.
We use natural units throughout this document. Physical velocities of particles are written
as v, for example vhalo is the asymptotic velocity of dark matter in the halo as measured in the
neutron star frame. The boost factor to the dark matter rest frame is γhalo = (1− v2halo)−1/2.
B Some Useful Derivations
B.1 Maximum Impact Parameter
We derive bmax in (3.2). Ref. [1] attributes this result to Ref. [12], which in turn references a general
relativity textbook. Our treatment is based on the textbook by Hartle [44]. In the vicinity of the
neutron star the space is described by the Schwarzschild metric, which in spherical coordinates is
ds2 =
(
1− 2GM
r
)
dt2 −
(
1− 2GM
r
)−1
dr2 − r2dΩ2 . (B.1)
This space has two constants of motion coming from invariance along translations in time and the
polar direction:
ε =
(
1− 2GM
r
)
dt
dτ
` = r2 sin2 θ
dφ
dτ
, (B.2)
where τ is the proper time of a test particle. These are simply energy per unit mass and angular
momentum per unit mass. The normalization of a test particle‘s four-velocity, uαuβgαβ gives
ε
`2
=
1
`2
dr
dτ
+
(
1− 2GM
r
)
r2
+
(
1− 2GM
r
)
`2
. (B.3)
The maximum impact parameter bmax corresponds to the distance at which a dark matter particle
approaching with some initial velocity vhalo has a trajectory that is tangent to the neutron star:
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At the point of tangency, dr/dτ = 0 and r = R. Thus (B.3) gives
` = R
√
2GM
R
(
1− 2GM
R
)−1/2
. (B.4)
However, since ` is a constant of motion, we may set it to its initial value asymptotically far from
the neutron star: ` = bmaxvhalo, from which we derive the expression for bmax.
B.2 Energy Transfer for a Non-Relativistic Target
To assist in contrasting the relativistic and non-relativistic cases, we derive the energy transfer to
a non-relativistic target that is stationary in the neutron star frame, equation (5) in Ref. [1]. In
the neutron star frame, the incident dark matter has four-momentum kµ = (Ek,k) such that
k2 = E2k −m2χ = (γesc − 1)m2χ =
v2esc
1− v2esc
m2χ γ
2
esc =
1
1− v2esc
, (B.5)
where vesc is the escape velocity at the surface of the neutron star. Similarly, let pµ = (mT,0) be
the non-relativistic target four-momentum in the neutron star frame. Define β and γ2 = (1− β2)
to be the boost parameter to the center of momentum frame. The center of momentum frame
momenta are
kµCM =
 γ −γβ
−γβ γ
Ek
k
 pµCM =
 γ −γβ
−γβ γ
mT
0
 . (B.6)
The total three-momentum vanishes in the center of momentum frame so that
pCM + kCM = 0 which gives β =
k
Eesc +mT
. (B.7)
The transferred four-momentum is qµCM = k
µ
CM − k′µCM = (0,qCM)T . In the neutron star frame, the
energy transfer is
∆E = q0 = γβ · qCM = γk · qCM
Ek +mT
=
γ2mTk
2 (1− cosψ)
(Ek +mT)2
, (B.8)
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where ψ is the angle between the dark matter incoming and outgoing three-momenta in the center
of momentum frame. We simplify this using
γ2
Eesc +mT
=
Eesc +mT
m2χ +m
2
T + 2γescmχmT
. (B.9)
The energy transfer to a non-relativistic target in the neutron star frame is
∆E =
mTm
2
χ
m2χ +m
2
T + 2γescmχmT
v2esc
1− v2esc
(1− cosψ) , (B.10)
where vesc is the escape velocity so that in the v
2
esc  1 limit the second factor reduces to v2esc.
B.3 Flux Density and the Møller Velocity
The Møller velocity, vMøl, appears in the kinematics of non-collinear particle scattering such as dark
matter annihilation [50]. For colliding particles T and χ with respective four-momenta pµ = (Ep,p)
and kµ = (Ek,k), a convenient expression is
vMøl =
√
(p · k)2 −m2Tm2χ
EpEk
, (B.11)
which is precisely the factor that shows up in the flux density of dark matter–target scattering
rate: nTnχvMøl. The following discussion is a summary of the review by Cannoni [66], which in
turn is based on The Classical Theory of Fields by Landau & Lifschitz [67].
The relative velocity vrel between the target and dark matter is a Lorentz invariant [68]. This
can be seen, for example, by starting in the target frame where vrel is simply the dark matter
velocity. One may subsequently write vrel in terms of Lorentz invariants:
vrel =
k
Ek
∣∣∣∣
T
=
√
E2k −m2χ
Ek
∣∣∣∣∣∣
T
=
√
(p · k)2 −m2Tm2χ
p · k . (B.12)
For a given scattering process, the invariant rate density is
R = dν
∆V∆t
= (dσ vrel dnT dnχ)T , (B.13)
where the right-hand side we write the expression in the frame of the target particle because here
the cross section dσ and relative velocity vrel = vχ|T are unambiguously defined. By comparison,
we do not simply plug in our expression for dν from (4.2) because of the challenge of defining dσ
in an arbitrary frame due to Lorentz contraction.
In order to write the rate density in a general frame, F , we note that it must be proportional
to the target and dark matter densities,
R = (AdnTdnχ)F =
(
A
ETEχ
mTmχ
)
F
dnˆTdnˆχ , (B.14)
where A is a proportionality factor and we factor out the target density in the target frame
dnˆT = (dnT)T and the dark matter density in the dark matter frame dnˆχ = (dnχ)χ. These
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densities are the zeroth components of four-currents so that boosting from their respective rest
frames to a general frame rescales them by γ = E/m.
Because R and dnˆTdnˆχ/mTmχ are invariant, the combination AETEχ must also be invariant.
Comparing the right-hand sides of (B.13) and (B.14) gives the proportionality factor,
A =
p · k
ETEχ
(dσ vrel)T , (B.15)
where the cross section dσ is calculated in the target frame1. Using the invariance of vrel in (B.12)
and the invariance of dσT along the collision axis, we have dσT = dσCM so that the invariant rate
density is conveniently expressed as
R = dσCM
(
p · k
ETEχ
vrel
)
dnTdnχ = dσCM vMøl dnTdnχ . (B.16)
Comparing this to the rate in (B.13), we have a convenient transformation of dσ vrel into any frame:
(dσ vrel)F = dσCM (vMøl)F . (B.17)
The relative velocity vrel is invariant [66], but the Møller velocity, vMøl, is not. The above relation
is a simple way to connect the cross section in a general frame to the center-of-momentum frame
where it is most conveniently calculated. This proves (4.4).
C Capture from Multiple Scattering
We discuss the treatment of multiple scattering, expanding on the presentation in Section 4.4.3.
For convenience, let us define a differential capture efficiency without any kinematic conditions
imposed:
dfˆ ≡ dν
dNχ
= dσCM vMøl dnT ∆t , (C.1)
this differs from df in (4.5) in that capture conditions are not imposed. The discussion of multiple
scatters is unaffected by Pauli blocking, so for the purposes of this appendix we may assume that
the targets are not degenerate.
Dark matter is captured if it loses its asymptotic kinetic energy ∆Emin = Ehalo over its transit
through the star. The capture efficiency dfˆ is a measure of the total number of scatters that a
transiting dark matter particle undergoes. We can restrict to cases where dark matter captures
after only one capture (Nhit = 1) by multiplying dfˆ by a step function enforcing that any scatter
must transfer ∆E ≥ ∆Emin:
dfˆNhit=1 = dfˆ Θ(∆E − Ehalo) ≡ dfˆ
∣∣∣
∆E>Ehalo
. (C.2)
∆E is fixed for a given initial and final state kinematic configuration. The Θ function enforces
that only scatters that satisfy the capture condition are counted when integrating (C.2). When
1Here one could equivalently replaced the target frame with the dark matter frame. Indeed, this is necessary if the
target is formally massless. The cross section is invariant with respect to boosts along the collision axis so that
dσT = dσχ
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dfˆNhit=1 ≥ 1, we assume that transiting dark matter scatters at least once and always captures.
Otherwise, the probability for a given dark matter particle to capture is simply the capture effi-
ciency, dfˆNhit=1.
We extend this to the case where dark matter that captures from Nhit = 2 scatters. In this
case it is sufficient for each scatter to transfer energy ∆E > ∆E/2 but it must do so over each
half of its total transit through the star. Thus
dfˆNhit=2 =
1
2
dfˆ
∣∣∣
∆E>∆Emin/2
. (C.3)
This is clearly a conservative estimate as it undercounts configurations where the average energy
loss is larger than ∆Emin/2 but one scatter has ∆E < ∆Emin/2.
When combining these results, one must be careful not to double count the configurations. If
∆E permits capture after one scatter, it should not be counted in the piece for two scatters. Thus
the total number of scatters that (i) are part of a capturing transit and (ii) counting only captures
that require up to Nhit = 2 scatters is
dfˆNhit=1 or 2 = dfˆ
∣∣∣
∆E>∆Emin
+
1
2
dfˆ
∣∣∣
∆Emin>∆E>∆Emin/2
. (C.4)
The generalization to larger Nhit is straightforward.
To analytically understand the dependence of capture efficiency f on mχ, we make a further
conservative estimate and assume that the expected number of capturing scatters dfˆ is dominated
by a single value of Nhit.
f ≈ 1
Nˆhit
∫
dfˆ
∣∣∣
∆E>∆Emin/Nˆhit
, (C.5)
where Nˆhit is the value of Nhit that maximizes the integrand. Note that we also drop the upper
limit on ∆E on the right-hand side, since this approximation would not over count those scatters.
For the purpose of numerical results presented in Figures 7–10, we use (C.4) generalized to very
large Nhit.
D Center of Momentum Frame Kinematics
We present the expressions for the Mandelstam s and t parameters and the dark matter momen-
tum in the center of momentum frame. The boost from the neutron star frame to the center of
momentum frame is
β =
p + k
Ep + Ek
γ =
1√
1− β2 =
E
ECM
. (D.1)
The dilation factor γ is simply the ratio of the total energy in the neutron star frame, E = Ep+Ek,
to the total energy in the center of momentum frame, ECM = (Ep)CM +(Ek)CM. This is readily seen
by boosting the total energy in the center of momentum frame to the neutron star frame2 so that
E = γECM. The center of momentum frame energies with respect to neutron star frame momenta
are:
(Ep)CM = γ (Ep − β · p) (Ek)CM = γ (Ek − β · k) . (D.2)
2This is this is the inverse transformation of (D.1), but the γ factors are the same. Since the total four-momentum
in the center of momentum frame has no three-momentum component, the β term does not contribute.
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D.1 Expression for s
The Mandelstam s parameter is
s = (p+ k)2 = m2T +m
2
χ + 2 (EpEk − p · k) = E2CM . (D.3)
D.2 Expression for t
In the center of momentum frame, the energy and magnitude of the three-momentum is conserved:
(Ek)CM = (Ek′)CM |kCM| = |k′CM| ≡ kCM . (D.4)
The Mandelstam t parameter encodes the momentum transfer. It may be expressed with respect
to the center-of-momentum frame polar angle, ψ between kCM and k
′
CM.
t = (kCM − k′CM)2 = 2k2CM (1− cosψ) = 4k2CM sin2
ψ
2
. (D.5)
D.3 Dark Matter Three-Momentum
In (D.5) and in the appendices below, we require an expression for the dark matter momentum in
the center of momentum frame, kCM, in terms of the neutron star frame kinematics. kCM is related
to its neutron star frame counterpart k by a boost. This boost only transforms the components
of the three-momentum that are parallel to β in (D.1). We thus separate the three momenta into
pieces that are parallel, ‖, and perpendicular, ⊥, to β:
kCM = (k⊥)CM +
(
k‖
)
CM
= (k⊥)CM + γk‖ − γβEk . (D.6)
One may then write the parallel and perpendicular projections with respect to the neutron star
frame dark matter momentum projected onto the boost direction, k · β:
kCM = k + (γ − 1) (k · β)β
β2
− γβEk . (D.7)
We may express (D.7) in terms of the kinematic quantities in the neutron star frame:
ECMkCM = ECMk +
[
(E − ECM) (k · β)
β2
− EEk
]
β . (D.8)
Use (D.1) to simplify the term in brackets. This gives:
1− β2 = E
2
CM
E2
1
β2
=
E2
(E + ECM) (E − ECM) , (D.9)
which in turn yields:
ECMkCM = ECMk +
[
k · (p + k)
E + ECM
− Ek
]
(p + k) . (D.10)
To further simplify this expression, it is useful to separate a term (Epk− Ekp):
ECMkCM ≡ (Epk− Ekp) + Ap +Bk , (D.11)
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where the coefficients are, using E = Ek + Ep,
A =
k · (p + k)
E + ECM
B = A+ (ECM − E) = A− (p + k)
2
E + ECM
= −p · (p + k)
E + ECM
, (D.12)
where we simplified B using (D.1) and (D.9). We may thus combine the A and B terms in (D.11):
ECMkCM ≡ (Epk− Ekp) + (p + k)× (p× k)
E + ECM
. (D.13)
We ultimately would like the norm of kCM. A useful intermediate step is to write the cross products
in terms of the angle θ between the neutron star frame momenta:
k · [p× (p + k)] = −p · [k× (p + k)] = −(p× k)2 = p2k2 sin2 θ . (D.14)
We thus find that k2CM = |kCM|2 is
E2CMk
2
CM = E
2
pk
2 + E2kp
2 − 2EpEk(p · k)− p2k2 sin2 θ . (D.15)
Note that θ is the same angle defined in (4.16).
E Energy Transfer in the Neutron Star Frame
We derive ∆E, the energy transferred to the target by a dark matter scatter in the neutron star
frame. It is convenient to relate this to quantities in the center of momentum frame:
∆E = Ek − Ek′ = γ [(Ek)CM + (Ek)CM] + γβ · (kCM − k′CM) = γβ · qCM . (E.1)
Here qCM = kCM−k′CM is the transferred three-momentum in the center of momentum frame. Note
that this is the inverse transformation of (D.1), for which the boost parameter is −β rather than
β.
We may write the scattered dark matter three-momentum, k′CM, with respect to the polar and
azimuthal angles in the center of momentum frame. The polar angle ψ is measured with respect
to the kCM direction. The azimuthal angle α is further measured with respect to the component
of β that is perpendicular to kCM, which we call β⊥. In the center of momentum frame the length
of the three-momentum is conserved, so that
k′CM = kCM sinψ cosα βˆ⊥ + sinψ sinα
(
kCM × βˆ⊥
)
+ cosψ kCM , (E.2)
where βˆ⊥ is a unit vector in the direction of β⊥. Plugging (E.2) into (E.1) and using the orthog-
onality of β and (kCM × βˆ⊥), we have:
∆E = γβ ·
[
kCM (1− cosψ)− kCM sinψ cosα βˆ⊥
]
(E.3)
= γ(β · kCM) (1− cosψ)− γ
√
β2 k2CM − (β · kCM)2 sinψ cosα . (E.4)
In Appendix F we reduce this expression to special cases that illuminate the qualitative features
of relativistic capture.
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F Scaling of Phase Space Volume
This appendix shows how kinematic conditions on ∆E conditions impose constraints on the phase
space variables cos θ, cosψ, α, and p as a function of the dark matter mass mχ. We use the energy
transfer expression (E.4) to develop a qualitative understanding of the capture rate as a function
of dark matter mass. We establish a set of necessary conditions to diagnose the size of the phase
space accessible to capture. The main result of this appendix is Table 11, which systematically
determines the mχ scaling of the capture efficiency, f . It extends and clarifies the Table 6 according
to the detailed treatment in this appendix.
F.1 Energy Transfer and cos δ
The center of momentum frame momentum, from (D.1) and (D.13), is
ECMkCM = (Epk− Ekp) + Eβ × (p× k)
E + ECM
, (F.1)
where the second term is orthogonal to the boost from the neutron star to center of momentum
frame, β. We define the angle cos δ between the boost parameter from the neutron star frame to the
center of momentum frame, β, and the dark matter three-momentum in the center of momentum
frame kCM:
β · kCM ≡ βkCM cos δ = Epk
2 − Ekp2 + (Ep − Ek)p · k
EECM
. (F.2)
With respect to this variable, the energy transfer expression (E.4) is
∆E
γβkCM
= cos δ (1− cosψ)− |sin δ| cosα sinψ , (F.3)
where we identify
√
1− cos2 δ = |sin δ|. The quantity cos δ is proportional to the projection of the
total three-momentum in the neutron star frame, p + k, onto the dark matter three-momentum in
the center of momentum frame, kCM. It plays a key role in determining the scaling of the phase
space volume.
F.2 Rules of Thumb for Phase Space Scaling
We establish a set of heuristics to diagnose the volume of phase space.
Rule of Thumb 1 (Independent Integration Assumption). We assume that the phase space in-
tegrals are independent of one another. For simplicity, we ignore the dependence on phase space
integrals in the differential cross section, dσ/dΩCM. This is sufficient to understand the scaling
behavior with respect to the dark matter mass.
Rule of Thumb 2 (Positive Energy Transfer Condition). A necessary—but not sufficient—
condition for dark matter to capture is that the dark matter transfers energy to the target, ∆E > 0.
Corollary of Thumb 1 (Easy Condition). A sufficient condition for ∆E > 0 (Rule 2) is that
cos δ > 0 for an unsuppressed volume of phase space.
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Figure 11: Flow chart showing the mχ suppression of the capture efficiency, f , for target and dark matter
cases defined in Table 4. These scalings follow from the ∆E conditions defined in this appendix. The
cos δ > 0 diagnoses the Easy Condition, wheras the ∆p/pF factors come from the Hard Condition. We
assume the baseline scaling of |M|2 in (5.1). Exceptional scalings are shown in Appendix G. This table
extends Table 6 according to the detailed analysis in this appendix.
Proof. This follows from the positivity of the right-hand side of (F.3). Over the range of the polar
angle 0 ≤ ψ ≤ pi the first term is non-negative. The second term is non-negative for cosα < 0
which is available for half of the scattering phase space and so is is unsuppressed.
The Easy Condition is a simpler diagnostic than the Positive Energy Transfer Condition. One
only needs to check the latter condition when the former fails. The following heuristic accounts
for the possibility of positive energy transfer subject to Pauli blocking:
Rule of Thumb 3 (Hard Condition). The phase space for the initial target momentum must
be large enough that after scattering, the outgoing target has momentum larger than its Fermi
momentum. The necessary condition to diagnose this is based on the maximum kinematically
allowed energy transfer, ∆Emax:
p+ ∆Emax > pF . (F.4)
We use the Independent Integration Assumption (Rule 1) to determine the mχ scaling of phase
space based on the Easy and the Hard Conditions. We use the Easy Condition to determine the
scaling of the angular phase space variables and the Hard Condition ot determine the scaling of
the radial phase space variable. We proceed as follows:
1. Check if the Easy Condition holds; use this to determine the mχ suppression of the an-
gular phase space variables. Below we show that passing the Easy Condition gives no mχ
suppression. Failing the Easy Condition requires one to check the Positive Energy Transfer
Condition; this imposes mχ suppression through the cosψ integration.
2. Check the conditions for which the Hard Condition holds; use this to determine the mχ
suppression from the integration of the target three-momentum magnitude.
This process is shown in the flow chart in Figure 11. Though these heuristic arguments are
approximations, they accurately capture the scaling behavior of our numerical results.
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F.3 cos δ and the Easy Condition
Factoring out overall positive factors in (F.2), we find that the condition for cos δ > 0 is
Ep(k
2 + p · k) > Ek(p2 + p · k) . (F.5)
We square both sides and use the kinematic relations (the energy and momentum of dark matter
at the point of impact):
E2p = m
2
T + p
2 E2k = γ
2
escm
2
χ k
2 = γ2escv
2
escm
2
χ (F.6)
to distill Corollary 1 to the following: phase space is unsuppressed when(
m2T + p
2
) (
γ2escv
2
escm
2
χ + pγescvescmχ cos θ
)2
> γ2escm
2
χ
(
p2 + pγescvescmχ cos θ
)2
. (F.7)
When this condition is not satisfied, we diagnose the phase space effects in more detail. We examine
(F.7) in each of the regimes in Figure 4.
F.4 cos θ Volume
The expression (F.7) for the Easy Condition, Corollary 1, is an inequality that must be satisfied
by cos θ. When this range overlaps with the constraint | cos θ| ≤ 1, we assume that cos θ is
unconstrained.
We show that relativistic targets with light and very light dark matter do not simultaneously
satisfy (F.7) and | cos θ| ≤ 1. This implies that the Easy Condition is not satisfied in that case and
cos δ < 0. This constraint, in turn, feeds into the cosψ conditions require to satisfy the Positive
Energy Transfer Condition when cos δ < 0. All other cases are unconstrained. These results are
visualized in Figure 12.
F.4.1 Non-Relativistic Target, Heavy Dark Matter
In this regime, mT > pF and mχ  mT. The Easy Condition, (F.7), reduces to
− (γ2escp2m2χ) cos2 θ + (2γescvescpm2Tmχ) cos θ + γ2escv2escm2Tm2χ > 0 . (F.8)
Solving for the critical points of the inequality in this limit gives
−mTvesc
p
. cos θ . mTvesc
p
. (F.9)
For the non-relativistic targets we consider, mTvesc & pF, so that the Easy Condition implies that
the entire range −1 ≤ cos θ ≤ 1 admits scattering with ∆E > 0. Thus there is no suppression in
the cos θ volume that admits capture.
F.4.2 Non-Relativistic Target, Light Dark Matter
In this regime, mT > pF and mχ  mT. The Easy Condition, (F.7), reduces to(
v2escp
2m2T
)
cos2 θ +
(
2γescv
3
escpm
2
Tmχ
)
cos θ − p4 > 0 . (F.10)
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Figure 12: The Easy Condition (F.7) applied to the cases in Figure 4. Parabolas correspond to (F.14),
(F.12), (F.10), and (F.8) as appropriate. Shaded regions are allowed by the condition, and thick black
lines contained in these regions indicate the allowed range subject to cos θ ∈ [−1, 1]. The case of a
relativistic target with light dark matter (lower left) is seen to be incompatible with the Easy Condition.
Solving for the critical points of the inequality in this limit gives
− p
vescmT
. cos θ + γescvescmχ
p
. p
vescmT
. (F.11)
For light dark matter with non-relativistic targets, the mχ/p term is negligible compared to p/mT.
This means that the Easy Condition (Corollary 1) implies that almost entire range −1 ≤ cos θ ≤ 1
admits scattering with ∆E > 0. Thus, there is almost no suppression in the cos θ volume that
admits capture due to vescmT/p being a small O(1) factor.
F.4.3 Relativistic Target, Heavy Dark Matter
In this regime, mT < pF and mχ  pF. The Easy Condition, (F.7), reduces to
− (γ3escvescp2m2χ) cos2 θ − (2p3mχ) cos θ − γ3escv3escp2m2χ > 0 . (F.12)
Solving for the critical points of the inequality in this limit, neglecting the powers of p/mχ, gives
−vesc . cos θ . vesc , (F.13)
Because vesc < 1, the ∆E > 0 condition shrinks the allowed range of cos θ. However, the neutron
star’s gravitational acceleration is so large that this is only a modest suppression of the cos θ volume
by a factor of v−1esc ∼ 1.7. For the purposes of understanding the mass scaling of the capture phase
space, this suppression is negligible.
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F.4.4 Relativistic Target, Light or Very Light Dark Matter
In this regime, mT < pF and mχ  mT. The Easy Condition, (F.7), reduces to(
γescv
4
escp
4
)
cos2 θ − (2vescp3mχ) cos θ − γescp4 > 0 . (F.14)
Solving for the critical points of the inequality in this limit gives
cos θ < − 1
vesc
or
1
vesc
< cos θ, (F.15)
where we have used p ≈ pF to neglect powers of mχ/p. This is qualitatively different from the
above cases. Because v−1esc > 1, there is no value of cos θ that satisfies cos δ > 0. For positive energy
transfer in this case, (F.3) requires a configuration with cos δ < 0. Diagnosing the phase space
suppression requires further diagnostics to understand the allowed phase space for capture. Below
we show that this maps onto a bound on the cosψ volume.
F.5 cosψ Volume
F.5.1 Cases Satisfying Easy Condition
The cases in Appendix F.4 for which the Easy Condition (cos δ > 0) is compatible with −1 ≤
cos θ ≤ 1 have no additional suppression from the integration over center of momentum scattering
angle, cosψ. This is clear from examining (F.3) and recalling that ψ is a polar angle with range
0 ≤ ψ ≤ pi. Observe that every term on the right-hand side is positive when cos δ > 0 and
cosα < 1. Thus there is at least an O(1) part of phase space that remains unsuppressed by the
Easy Condition.
F.5.2 Relativistic Target, Light or Very Light Dark Matter
For relativistic targets with dark matter lighter than the Fermi momentum, on the other hand,
Appendix F.4.4 shows that cos δ must be negative. The Positive Energy Transfer Condition is
not obviously satisfied and may impose further phase space suppression through (F.3). Applying
trigonometric half-angle formulas, requiring ∆E > 0 imposes
cos δ sin2
ψ
2
> | sin δ| cosα cos ψ
2
sin
ψ
2
. (F.16)
This can be written—minding the sign of cos δ—as a condition on tanψ/2:
tan
ψ
2
<
√
1− cos2 δ
cos δ
cosα . (F.17)
Note that cos ψ
2
≥ 0, because 0 ≤ ψ ≤ pi by virtue of being a polar angle.
In this way the center of momentum polar angle ψ is constrained by cos δ = β · kCM/βkCM, the
projection of the neutron star-to-center of momentum boost β and the center of momentum dark
matter momentum kCM. Note that both cosα and cos δ are negative so that the right-hand side is
positive.
We may directly relate this to a bound on the phase space integral over cosψ. We make
the simplifying approximation that the cross section dσ/dΩCM does not introduce additional cosψ
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dependence, as per Rule of Thumb 1. The cosψ phase space integral is thus∫ 1
cosψmax
d cosψ = 1− cosψmax ≈ 2 tan2 ψmax
2
, (F.18)
where we use the assumption that ψ is small from (F.17) so that (1 − cosψ) = 2 sin2 ψ/2 ≈
2 tan2 ψ/2. Combining (F.17) and (F.18) gives a constraint on the volume of d cosψ phase space:
tan2
ψ
2
<
1− cos2 δ
cos2 δ
cos2 α . (F.19)
This expression evaluates to
tan2
ψ
2
<
v2esc sin
2 θ cos2 α
(1− vesc cos θ)2
[
m2T
p2
+
mχ
p
(
2
m2T
p2
X + 2γesc(1− vesc cos θ)
)
+O
(
m2χ
p2
)]
. (F.20)
The key here is that the upper bound on tan2 ψ/2 scales either independently of mχ or linearly
with mχ depending on which term in the square brackets dominates. This, in turn, defines two
sub-regimes:
• Very light dark matter: When mχ . m2T/pF, the O(m0χ) term sets the bound in (F.20).
In this case the phase space suppression is independent of mχ.
• Light dark matter: When m2T/pF . mχ . pF , the O(m1χ) term sets the bound in (F.20).
In this case the volume of the cosψ phase space scales with mχ.
In the above, we have made use of the fact that p ≈ pF for light and very light dark matter due to
Pauli blocking. The remainder of this sub-section derives (F.20).
Proof. We evaluate the right-hand side of (F.19). As an intermediate step, write cos δ in terms of
a ratio using (F.2):
cos δ =
Epk
2 − Ekp2 + (Ep − Ek)p · k
EβECMkCM
≡ B
A
. (F.21)
Then the right-hand side of (F.19) is
1− cos2 δ
cos2 δ
=
A2 −B2
B2
. (F.22)
A2 is written using the expression for E2CMk
2
CM from (D.15) and E
2β2 = (p + k)2 from (D.1). The
numerator of (F.22) greatly simplifies to
A2 −B2 = k2p2E2CM sin2 θ , (F.23)
where E2CM is simply the Mandelstam s parameter, (D.3). The full expression for the upper bound
in (F.22) is
tan2
ψ
2
<
k2p2 sin2 θ
(
m2T +m
2
χ + 2EpEk − 2pk cos θ
)
[Epk2 − Ekp2 + (Ep − Ek)pk cos θ]2
cos2 α . (F.24)
Assuming that the characteristic target momentum is the Fermi momentum, p ∼ pF, the
denominator can be expanded with respect to the mχ  pF regime:
B = −γescmχ
[(
p2 − Eppvesc cos θ
)− γescvescmχ (Epvesc − p cos θ)] (F.25)
= −γescmχp2
[(
1− Epvesc
p
cos θ
)
− mχ
p
X
]
, (F.26)
where the X term is higher order in mχ/p. Plugging in the quantities (F.6), using Ep ≈ p as the
target is relativistic, and expanding to O(mχ/p) gives (F.20).
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F.6 α Volume
The center of momentum frame azimuthal angle, α, does not affect the mχ scaling of the capture
efficiency.
F.6.1 Cases Satisfying Easy Condition
The cases in Appendix F.4 that pass the Easy Condition (cos δ > 0) carry no additional suppression
from the center of momentum frame azimuthal angle phase space, α. This is clear from (F.3) where
every term on the right-hand side is positive when cosα < 1. Thus there is at least an half of the
α phase space that remains unsuppressed by the Easy Condition, Rule 2.
F.6.2 Relativistic Target, Light or Very Light Dark Matter
Relativistic targets with light or very light dark matter do not satisfy the Easy Condition. This
leads to a bound on the cosψ phase space (F.20) that depends on cos2 α. However, because
the dependence is an overall prefactor that is independent of the dark matter mass, there is no
additional mχ-dependent suppression in the α phase space.
F.7 p Volume and Maximum Energy Transfer
For the initial momentum phase space we invoke Rule F.4 and account for the Pauli blocking. The
phase space volume is
∫ pF
pmin
p2dp
1
3
p3F
=
p3F − p3min
p3F
≈ 3∆p
pF
∼ 3EF∆E
p2F
≈

3∆E
pF
(
1 +
m2T
2p2F
)
mT  pF
3mT∆E
p2F
(
1 +
p2F
2m2T
)
mT  pF
(F.27)
Thus, the scaling of this allowed phase space volume is determined by the scaling of the maximum
allowed ∆E. The results are shown in the relevant column of Figure 11. One may carry over
intuition from non-relativistic scattering where the kinematics depends on the reduced mass. In
the relativistic case, one may replace the the target mass with its characteristic Fermi momentum.
We maximize ∆E with respect to the center of momentum frame scattering polar angle ψ
and azimuthal angle α. For simplicity we define a positive rescaling of ∆E that shares the same
extrema,
∆E = ∆E
γβkCM
. (F.28)
The expression for ∆E in (F.3) is thus
∆E = cos δ(1− cosψ)− | sin δ| cosα sinψ . (F.29)
Because | sin δ| sinψ ≥ 0, the term in ∆E that depends on α is maximized when cosα is as negative
as possible. Thus it is clear that the maximum of ∆E occurs for cosα = −1. Using ∂∆E/∂ψ = 0,
the critical point for ∆E with respect to ψ is
tanψ =
| sin δ|
cos δ
cosα = −| sin δ|
cos δ
. (F.30)
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This is a maximum because ∆E is written as a linear combination of eigenfunctions of ∂2/∂ψ2
with non-positive eigenvalues (constants and trigonometric functions). Thus we are guaranteed to
have ∂2∆E/∂ψ2 ≤ 0.
We may succinctly write the conditions for the maximum energy transfer as
cosα = −1 cosψ = − cos δ sinψ = | sin δ| =
√
1− cos2 δ , (F.31)
where we have used the range 0 ≤ ψ ≤ pi to assign the negative sign to cosψ. With this result,
the maximum energy transfer, ∆Emax, is
∆Emax
γβkCM
= cos δ(1 + cos δ) + sin2 δ = cos δ + 1 . (F.32)
The expression for cos δ is presented in (F.21). We present approximations for this expression for
the limiting cases of interest.
F.7.1 Non-Relativistic Targets, Heavy Dark Matter
We assume mT  p and mχ  mT. In this limit, (F.32) gives
∆Emax ≈ 4γ
2
esc (mTvesc − p cos θ)2 + p2 sin2 θ
2
(
mT − pvesc cos θ
) . (F.33)
By substituting this into (F.4), one can solve for minimum allowed target momentum by Pauli
exclusion principle. This, in turn, gives the maximum fraction of the p volume that is not Pauli
blocked. This process is independent of mχ because ∆Emax is independent of mχ.
As a check, in the non-relativistic limit, p → 0 and Ep → mT, this expression reduces to the
well known result (B.10), maximized over ψ, ∆Emax → 2mTγ2escv2esc.
F.7.2 Non-Relativistic Targets, Light Dark Matter
We assume mT  p and mχ  mT. In this limit, (F.32) gives
∆Emax ≈ pγescmχ
m2T
[
(mTvesc − p)(1 + cos θ) + p
2 sin2 θ
2γ2esc(mTvesc − p cos θ)
]
. (F.34)
Maximizing over the target orientation θ gives
∆Emax ≈ 2pvesc
mT
(
1− p
mTvesc
)
γescmχ . (F.35)
We thus have ∆Emax ∝ mχ.
F.7.3 Relativistic Targets, Heavy Dark Matter
We assume mT  pF and mχ  pF. In this limit, (F.32) gives
∆Emax ≈ pγ2escvesc(1− vesc cos θ)(vesc + 1) . (F.36)
Thus, ∆Emax is independent of mχ.
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F.7.4 Relativistic Targets, Light Dark Matter
We assume that the target is light: pF  mχ  m2T/pF. In this limit, (F.32) gives
∆Emax ≈ v
2
esc sin
2 θ
2
· γescmχ
1− vesc cos θ . (F.37)
We thus have ∆Emax ∝ mχ for p near the Fermi surface.
F.7.5 Relativistic Targets, Very Light Dark Matter
We assume a very light target, pF  mT  m2T/pF  mχ, which implies mχ/pF  m2T/p2F. Since
in this case all of the interactions occur very close to Fermi surface, EF ∼ pF is still true, but
the leading order difference between EF and pF is O (m2T/p2F), which is significant with respect to
mχ/pF. Taylor expanding (F.32) with respect to both mχ/pF and m
2
T/p
2
F gives
∆Emax ≈ v
2
esc sin
2 θ
2
· γescmχ
1− vesc cos θ . (F.38)
We thus have ∆Emax ∝ mχ for p near the Fermi surface.
G Dominant Terms in Contact Operators
This appendix derives the scaling of the squared amplitude, |M|2 for the operators in Table 2.
We derive the benchmark scaling (5.1) followed by most of the operators as well as the scaling
for the exceptional operators. For the latter, we show how the flow chart in Figure 11 is modified
according to the dynamics of each case.
We tabulate the mχ and Ep scalings of Mandelstam variables s and t in Table 4. Use the
limiting behavior of the Mandelstam s variable in (5.3). The scalings of t with respect to mχ can
be derived from (D.5) in conjuction with (D.15) and the results of Appendix F.5, which derive the
scaling of (1− cosψ) with mχ/pF.
mT Non-Relativistic Relativistic
mχ Heavy Light Heavy Light-ish Med. Light Very Light
s m2χ m
2
T m
2
χ mχpF mχpF m
2
T
−t m2T m2χ p2F m2χ m2χ m2χ
Table 4: Mandelstam variable s and t scalings with respect to mχ, pF and mT. The scaling corresponds
to each kinematic regime defined in Section 5.1.
The t scaling for very light dark matter case requires special attention. In this regime, mχ/pF 
m2T/p
2
F. One may then Taylor expand right-hand side of (D.15) in both mχ/p and m
2
T/p
2 for targets
close to Fermi surface. The leading order term is proportional to m2χm
2
T, using s ∼ m2T as per (5.3).
This gives −t ∝ m2χ.
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Figure 13: Extends Figure 11 to account for the exceptional mχ scaling of OF1,2.
G.1 Fermionic Dark Matter Operators
The operators OF5−10 follow the same benchmark behavior. One may use (D.3) to show
(m2T +m
2
χ)
2 − 2s(m2T +m2χ) + s2 = 4γ2escm2χE2p
(
1− p
Ep
vesc cos θ
)2
. (G.1)
Substituting this identity and the results of Table 4 into the expressions for |M|2 in Table 2 shows
that the m2χE
2
p term dominates for each of the OF5−10 operators, deriving the baseline behavior
in (5.1).
mT Non-Relativistic Relativistic
mχ Heavy Light Heavy Light-ish Med. Light Very Light
OF1 m4χ
OF2 m4T p4F m4χ
OF3 m4χ m4χ m4χ m4χ
OF4 m4T m4χ p4F m4χ m4χ m4χ
Table 5: Fermionic operators with exceptional scaling in Λ4|M|2 compared to the baseline case Λ4|M|2 ∝
m2χE
2
p , (5.1). The scaling corresponds to each kinematic regime defined in Section 5.1. Blank entries
correspond to the baseline scaling, m2χE
2
p .
TheOF1−4 operators deviate from (5.1) for certain dark matter masses. Table 5 shows the scaling
of |M|2 with respect to mχ for these fermionic operators. These are derived from the standard
results for |M|2 in Table 2 using the behavior of s and t in various DM regimes as tabulated in
Table 4. This scaling can then be complete flow charts for the mχ scaling of the capture efficiency,
f , which we present in Figures 13 and 14.
G.2 Scalar Dark Matter Operators
Following the same analysis that we use for the fermionic dark matter operators, one observes that
the scalar dark matter operators OS3,4 follow the benchmark scaling |M|2 ∼ m2χE2p for all dark
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Figure 14: Extends Figure 11 to account for the exceptional mχ scaling of OF3,4.
Figure 15: Extends Figure 11 to account for the exceptional mχ scaling of OS1,2.
matter masses.
The OS1,2 scalar operators, on the other hand, demonstrate exceptional scaling. These are
tabulated in Table 6 and produce a flow chart of capture efficiency scaling shown in Figure 15.
mT Non-Relativistic Relativistic
mχ Heavy Light Heavy Light-ish Med. Light Very Light
OS1 m2TΛ2 m2TΛ2 p2FΛ2 m2χΛ2 m2TΛ2 m2TΛ2
OS2 m2TΛ2 m2χΛ2 p2FΛ2 m2χΛ2 m2χΛ2 m2χΛ2
Table 6: Bosonic operators with exceptional scaling in Λ4|M|2 compared to the baseline case Λ4|M|2 ∝
m2χE
2
p , (5.1). The scaling corresponds to each kinematic regime defined in Section 5.1.
H Capture Efficiency Scalings with Energy Scales
In order to determine the relative reach of scattering from different targets, we derive scaling of the
capture efficiency with respect to all independent energy scales involved in dark matter capture
by a neutron star: mχ, mT, pF and R
−1
? . This appendix extends the discussion in Section 6.4.
The formula for the capture efficiency, f , is (5.4). Following the discussion in Section 5.3, we
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highlight the dependence of f on the key energy scales of the system:
f ∝ M?YT
mnR2?
|M|2
pF∫
pmin
p2dp
p3F
1
s
1∫
cosψ0
d cosψ
 (H.1)
where YT is the abundance and pF is the Fermi momentum of a target species T . We may relate
the total number of target particles N to the Fermi momentum pT and the neutron star volume
V by
pF ∝
(
N
V
)1/3
=⇒ N ∝ p3FR3?, (H.2)
where the volume of the neutron star is V = 4
3
piR3?. From the definition of YT, the total number
of targets is N = M?YT/mn. This implies
YT ∝ p
3
FR
3
?mn
M?
. (H.3)
Observe that this highlights that M? is not an independent dimensionful parameter in the system.
Substituting (H.3) into (H.1) gives
f ∝ p3FR?|M|2
pF∫
pmin
p2dp
p3F
1
s
1∫
cosψ0
d cosψ
 . (H.4)
We make the approximation where the integrals may be performed independently with trivial
integrand; this captures the dominant scaling. The p integral is then proportional to ∆p/pF, as
shown in (F.27), and its scaling with respect to the energy scales can be evaluated in various phases
of scattering kinematics of Figure 4 using the results of Appendix F.7. Similarly, (F.20) gives the
scaling of the dψ integral. We take the approximation that Ep ∼ mT in nonrelativistic limit and
Ep ∼ pF in relativistic limit and tabulate the results in Table 7.
mT Non-Relativistic Relativistic
mχ Heavy Light Heavy Light-ish Med. Light Very Light
∆p/pF m
2
T/p
2
F mχ/pF 1 mχ/pF mχ/pF mχ/pF
1
s
(1− cosψ0) m−2χ m−2T m−2χ p−2F p−2F p−2F
Table 7: Scalings of phase space pieces of (H.4) with respect to microscopic energy scales.
The scaling of the discovery reach on the cutoff Λ follows from (H.4):
Λmax ∝
(
p3FTR?
)1/4 (
Λ4|M|2)1/4
 pF∫
pmin
p2dp
p3FT
1/41
s
1∫
cosψ0
d cosψ
1/4 , (H.5)
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where the factor Λ4|M|2 is independent of Λ. Table 8 collects the discovery reach scaling for the
baseline behavior of Λ4|M|2 ∼ m2χE2p and the exceptional behaviors of Table 5 and 6.
mT Non-Relativistic Relativistic
mχ Heavy Light Heavy Light-ish Med. Light Very Light
Baseline p
1/4
F mT p
1/2
F m
3/4
χ p
5/4
F p
1/2
F m
3/4
χ p
1/2
F m
3/4
χ p
1/2
F m
3/4
χ
OF1 m5/4χ
OF2 p1/4F m−1/2χ m3/2T p7/4F m−1/2χ m5/4χ
OF3 p1/2F m5/4χ m−1/2T m5/4χ m5/4χ m5/4χ
OF4 p1/4F m−1/2χ m3/2T p1/2F m5/4χ m−1/2T p7/4F m−1/2χ m5/4χ m5/4χ m5/4χ
OS1 p1/2F m−1χ m2T pFm1/2χ p5/2F m−1χ m3/2χ m1/2χ mT m1/2χ mT
OS2 p1/2F m−1χ m2T pFm3/2χ m−1T p5/2F m−1χ m3/2χ m3/2χ m3/2χ
Table 8: Experimental reach on Λ as a function of the target mass, mT, dark matter mass mχ, and the
Fermi momentum pF in the different regimes defined in Figure 4. The baseline case corresponds to the
behavior of the OF5−10 and OS3,4 operators in Table 8. Powers of the neutron star radius R? account for
the additional dimensional dependence so that for dimension-6 operators the scaling applies to ΛR
−1/4
?
while for dimension-5 operators the scaling applies to ΛR
−1/2
? . Blank entries correspond to the baseline
scaling behavior.
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